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An Analysis of the Input Impedance of the Microstrip
Antennas Using the Finite Element Method

Nirun Kumprasert*
Department of Electronics and Telecommunication Engineering,

Faculty of Engineering, King Mongkut's Institute of Technology Thonburi

Abstract

A smple and efficient finite element method is used for anaysis of the input
impedance of the complex planar microstrip antennas with various shapes, which include
coaxial probe feed and microstrip line feed. For the electric integral equation, the formulation
is based on the Maxwell's equations and the electromagnetic phenomena. The electric
integral equation is solved by adopting the triangular shaped basis element and using
the Galerkin procedure. In the integral equation, Green's functions are used. Illustrative
numerical representations that demonstrate the validity, versatility, and efficiency of the

method are presented.
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I. INTRODUCTION

The popularity of planar microstrip antennas has steadily increased in the past
decade because they posses a humber of advantages such as low cost, low profile,
small size, light weight, easy to fabrication, and cornformability with existing
structures fabrication. During this time, microstrip antennas have become an
important area of communication and have led to a mgor development in antenna
theory. Usually, a radiating element of microstrip antenna, consisting of a very thin
metallic, is fabricated on a dielectric substrate, which is backed by a metallic ground
plane. Practically, there are two simple structures that are used to feed microstrip
antenna. These are coaxial probe feeds, and microstrip line feeds. The coaxia-fed
structure is often used in a single element because of the ease of matching its
characteristic impedance to that of the antennas, while microstrip line-fed structure
is often used in a microstrip array antenna.

A number of recent methods have reported on the subject of matching
impedance for microstrip antennas [1]-[6]. These methods are not accurate when the
substrate is thicker than about 0.024, are not adequate for predicting impedance
variation with feed location, and cannot be applied to any geometries besides
rectangles. A number of numerica analysis of the input impedances of microstrip
antennas have been proposed. However, most of the methods either have restricted
application or require a large computer memory and long computing time, e.g:, the
mode-matching technique and the transverse resonance method can only study
structures of rectangular cross sections, and a numerical technique, e.g., the finite
element method (FEM) can handle many arbitrary cross-sectional geometrics
and provides atechnique for accurate modeling of planar microstrip antenna.

The FEM in this paper is based upon a boundary condition, or integral equation
formulation, with the unknown being the current on microstrip patches and wire feed
lines plus their images in the ground plane. A set of vector integral equation is derived

which governs the current distribution on the patch. This set of equation is then
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solved, in which the patch current is expanded in term of a complete set of basis
function. This method can be applied to arbitrary shapes. The antenna is fed by a
coaxial probe and microstrip line. Details of the theoretical background and

formulation are presented in section 1. The numerical results are shown in section I11.

I1. THEORETICAL BACKGROUND AND FORMULATION

In this section, an integral equation for the surface current induced on a
conducting surface (microstrip patch) S is derived from boundary conditions on the
electric field. To solve the integral equation, a set of basic function and testing
procedure is developed and used to derive the elements of the matrix equation.
A. Electric Field Integral Equation

For a harmonically time varying fields dependence of e™“* have been assumed,

the fields in nonhomogenous isotropic media, Maxwell’s equations can be adopted

here as
curlE = VX E = —% = "/l%.tli = iwuH (1)
divD = VD = V-¢E = p )]
crlH = VX H = J + % = J —iwcE 3)
divB = V-B = V-ux#H = 0 (4)

where E is the electric field intensity, D is the electric flux density, H is the
magnetic field intensity, B is the magnetic flux density, Jis the source charge current
density, p is the charge density, « is the complex magnetic permeability, £ is the
complex electric permittivity, i = /=1, and @ is the angular frequency. For
consideration the electric field intensity may be taken the divergence of both sides of
(3) as
V-VXxH =V -(J-iweE) (5)
For a vector identity (V -V x H = 0), (5) reduces to
0 = V -J—iaV-¢E (6)

4




< o d_ o
N335 d95. UN 18 afud 2 Sunen 2538

Substituting (2) into (6), this reduces to

V . J = iagp 7)
Taking the curl of both sides of (1)
inVxE=inxH ¥
V4

Substitution (3) into (8) yields

Vxl—VxE—aﬂgE = iwl 9)
y4

For a boundary value problem (BVP), the field equivalence principle [7] is adopted
here by considering an actual radiating source (antenna), which is electrically
represented by electric current density J; and magnetic current density M, as shown

in Figure1 (a).

€514
free space region Q: &,4, free space region €2: &,/

T : arbitrarily conducting boundary [}: electric conducting boundary
I}: magnetic conducting boundary

(&) Actual problem (b) Equivalent problem

Figure 1. Arbitrarily shaped microstrip patch antenna.

In above case, the equivalent problem of Figure 1 (b), an actual radiating source
radiate between the nonhomogenous isotropic media ( &, #,) and free space region €2,
the boundary value problem to be solved is to satisfy boundary conditions on the
tangential electric and magnetic field components. The desired boundary vaue

problem is to satisfy (2) and (9), in €2, with the first boundary condition on E is

~ix E = M, onTl, (10)
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and the secondary condition on E is

1 .
—nXVXE = J onT
la}/l s 2 (11)

where M, and J; are equivalent current densities, and i is an outward unit vector
normal to the boundary of arbitrary surface S.

To formulate problem of Figure I(b), the arbitrary surface may be replaced by
its equivalent, in which the electric conducting patch (surface) S has been removed,

. and magnetic vector potential A is useful in solving for the electric field generated by
a given harmonic electric current density J;. The magnetic and electric field, H and

E, respectively, due to J; , in the above equations can be given as

#,H(r) =V x A(r) (12)

E'“(r) = iwA(r) — V®(r) (13)

where E™(r) isthe incident field on the patch due to the magnetic vector potential A,

& represents an arbitrary electric scalar potential, and r is a position vector. The first

boundary condition on E, in terms of A and @ can easily be found from (13), and it
follows that

—A X E™r) = -8 x VOr) —iwh X A(r) (14)

The magnetic vector potential in (13) is given as

A(r) = LGA(r,r’) J(r)dsS (15)

where G, is the dyadic Green's function associated with the magnetic vector potential,

J

s

is the equivaent current density on the surface of the planar circuit, r is the
position vector of the observer and r’ is the position vector of the source on the

surface S. The electric scalar potential in (13) is given as

d(r) = LJ Gp(r,r’),o(r’)dS (16)
aJdg

where G, is the scalar potential produced by a unit charge associated with horizontal

current, and o is the charge density is related to the surface divergence of J;, which

6
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given by the continuity equation (7) as
V-3, = igp a7
Equation (13), with (15) - (17), constitutes the so-called electric field integral
equation. One notes that presence of derivatives on the current density in (17) and on
the scalar and vector potential in (13) suggests that care should be taken in selecting

the basic function and testing procedure.

Figure 2. Triangle pair and geometrical parameters associated with the interior edge.

B. Basis Function

An arbitrary closed surface S IS givenand shown in Figure 1. The surface is first
approximated by a number of triangles in Figure 2. Each triangle is defined by an
appropriate set of faces, edges and vertices. Figure 2 shows two such triangles, T*
and T,” with the nth common edge. The electric and magnetic current flow along
radial direction pjin triangle T,* and similarly flow along radial direction p; in
triangle 7, . Referring to Figure 2, if I, is the base length of common edge, then
height lengths of the two triangles T,* and T, are, respectively, given by 24 /I, and
2a, /l,,, where a; represents the area of 7. Any point in triangles T.* can be defined
either with respect to global origin, O, or to the triangle vertices O;. In Figure 2
the superscripts plus and minus signs designation of the triangles are
determined by choice of a positive current reference direction for the nth edge, which

is dways assumed to be from Z;l“ to 7,". Hence, a vector basis function associated

with nth edge as
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2l"+ p,.r in T’

an

f(r) = <2ln_ o, rinT (18)
a.

n

0 otherwise.

.

The unknown current distribution on § is expanded in terms of a set of basis function

as

I - EJ,, £.(9) (19)
n=1

where N is the number of interior (nonboundary) edges, f,(r) is the vector basis
function associated with the nth edge, and the coefficient J, can be interpreted as the

current density perpendicular to the edge.

C. Testing Procedure
The next step is to test the expansion functions f,(r) developed in [8], which is

obtained as follows.

The symmetric product of two vector function ¥ and g is denoted by (f ,Q),
and is defined here to be the surface integral of their scalar product. In other words,

(f.g) = jf -gds (20)
s
where S denotes the surface where both T and g are non-zero, and (13) is tested with
Jm> Yielding
(E™.f,) = iw(A.f,) + (V®,f,) 1)
Using a surface vector calculus identity and the properties of f,, at the edges of S, the

last term in (21) can be written as
(Vo,f,) = —J¢VS- £,dS. (22)
N

With the divergence of f,(r) in (1 8), the integra in (22) may now be written and

approximated as follows:

chvs. f,dS = l’”['alfj,; CDdS—é L (DdS) = lm[Q(r,f*)—cp(r,,f" )] (23)

8
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In (23) the average of ® over each triangle is approximated the value at the triangle
centroid. With similar approximations, the vector potential and incident field terms in

(21) can be written as

(s - [l {5 ] {5} e

Wl [BN o [l
) A(rc+) Pn T A( C‘) *Pm (24)

m

iR
I

m

where the integral over each triangle is eliminated by approximating E" (o} A) by
their values at the centroid of each triangle, which is shown in Figure 2. With
(22) -(24), (21) now becomes

e} pe + )i ]+ fol) - @)

= blEle) s e Ee ) 0 e

which is the equation enforced at each triangle edge, m=1, 2,...,N

D. Matrix Equation
Substitution of the current expansion in (19) into (25), and the testing is
performed, an N x N system of linear equations is obtained and can be written in

matrix form as

ZlI = v (26)
where Z = [Z,,]isaN x N matrix, Z = [I,] contains the unknown current
coefficients J, which are defined by (19), and V = | Vm] are column vectors of

length N. The impedance elements Z,,, and the voltage elements V,, are given by

z,, ~ - 2 (A B + AP ) +,.%(<D;n—¢2n) @7)

v, = —-lzﬂE""(rf)-pm + (55 )5 | @8)
where

A = JGA r)f,(r)as (29)

Qo = JSGp(rf,r’)p(r')dS' (30)

9
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where r,ff and p,f represent the centroid of the triangle 7}, associated with the mth
edge in the global and local coordinates, respectively.

The Green's functions used in egns. (29) and (30) have been presented in
various method, and should be corrected to get more accurate calculated input
impedance. In the present work, the functions given in reference [9] have been

adopted

[11. NUMERI CALRESULTS

In this section, we present some results obtained with present formulation and
compare them to measurements and numerical computations that have appeared in the
literature [2]-[4],[6], which serve to check the validity of the method, and also to
demonstrate its flexibility and efficiency. As an example, the figure 3 shows a Smith
chart of impedance loci for a coax-fed square patch. In this example, there are a total
of 2 18 triangular faces consisting of 27 1 edges. The unknown norma components of
the electric currents are to be solved at the 271 edges. The input impedances that are
derived using this method are compared with reference [6]. Very good agreement is
achieved by properly locating the position of a coaxia feed probe x,, as can be seenin
Fig. 3. It should be mentioned that the number of triangular elements is determined in

such away that a convergent result can be obtained.

10
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S|
ral

— q=2.4 cm —>

b=2.4cm

on ¥

microstrip patch,

ground plane connector

coaxial line ™= outer conductor

inner conductor

increment : 100 MHz
(increasing clockwise)

4.00 GHz ™

O—O0—0 Present method
O—C+—10 Theory [6]
—0—@ measured [6]

Figure 3. Input impedance of a square patch :a =24 cm, b =24 cm, ¢, = 2.33,
tan6 = 0.001, h = 0.148 cm.

The second numerical example, a coax-fed rectangular patch is aso analysed. In
this example, convergent results are obtained using 258 triangular elements. A
comparison of calculated and measured impedance for a coax-fed rectangular patch

are shown in Figure 4.

11
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increment : 200 MHz
(increasing clockwise)

Figure 4. Input impedance of a rectangular patch : a= 2.00 cm, b = 1.25 cm,
£, = 2.22, tand = 0.001, h = 0.079 cm.
The third example, the surface of the rectangular patch and its feed-line is
modelled in terms of 3 12 triangular elements,which convergent results are obtained.
The present method and the calculated results [2],[3] of input impedance for a

microstrip line-fed rectangular patch are shown in Figure 5.

o——a—i increment : 10 MHz
T (increasing clockwise)

microstrip J
line —»

O—0—0 Present method
O—— Theory {2]
o—e—@ Theory [3]

Figure 5. Input impedance of a rectangular patch : a= 11.40, b = 7.6 cm,
g, = 2.62, tan6 = 0.001, h = 0.159 cm.

12
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In Figure 6, theoretical computations of input impedance are compared in the
Smith chart plots with measurements for a coax-fed circular patch. In this example, a

total of 345 triangular elements are obtained for convergence.

increment: 100 MHz
(increasing clockwise)

—1 —

0—0—0 Present method
O—0O—1 Theory [4]
o—e—e Measured [4]
Figure 6. Input impedance of a circular patch :r= 1.41 cm, &,= 2.62,

tand = 0.001, h= 0.16 cm

I'V. ConcLusl oN

In this paper a numerical method for the analysis of the input impedance of
rectangular, square and circular microstrip antenna, which excited with a coaxia line
and a microstrip line, has been presented. It has been shown that the FEM is a very
powerful tool for analyzing the planar microstrip patch modeled with triangular
patches. The method can be used to accurately predict the input impedance of all
antenna shapes. The validity of the model is demonstrated by comparing the numerical

and experimental results for four representative antenna structures.

13
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