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ผลเฉลยของปญหาปวสซองไมเชิงเสนโดยวิธีผลเฉลยมูลฐาน
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บทคัดยอ

วธิเีมชเลสสามารถใชแกสมการเชงิอนพุนัธยอยเชงิเสนไดอยางมปีระสทิธภิาพ งานวจิยัในปจจบุนัมุงศกึษา
การใชวธิเีมชเลสเพือ่แกสมการเชงิอนพุนัธยอยไมเชงิเสน บทความนีน้าํเสนอการหาผลเฉลยของปญหาปวสซองไม
เชิงเสนที่มีพจนแหลงกําเนิด ซึ่งเปนฟงกชันของตัวแปรสนามและอนุพันธของตัวแปรสนาม ปญหาจะถูกแบงเปน
ปญหาเอกพนัธทีแ่กไดดวยวธิผีลเฉลยมลูฐาน และปญหาไมเอกพนัธทีแ่กไดดวยวธิกีาํหนดจดุมลัตคิวอดรกิ ผลเฉลย
ของปญหาไดจากวิธีการคํานวณซ้ําๆ ผลการคํานวณจากการแกปญหาตัวอยางในสามกรณีแสดงใหเห็นวา วิธีที่
นําเสนอนี้สามารถแกปญหาท่ีมีระดับความไมเชิงเสนของตัวแปรสนามสูง และระดับความไมเชิงเสนของอนุพันธ
ยอยของตัวแปรสนามต่ํา
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Abstract

Meshless methods have been shown to be able to solve linear partial differential equations
successfully. Recent research on meshless methods is concerned with solutions of nonlinear partial
differential equations. This paper presents a method for solving the nonlinear Poisson problem with
the source term being a function of both the field variable and first derivatives of the field variable.
The problem is split into a homogeneous problem to be solved by the method of fundamental
solutions and an inhomogeneous problem to be solved by the multiquadric collocation method. The
solution is found by iteration. Results from three cases of test problems indicate that the proposed
method can solve problems having a high degree of nonlinearity in the field variable, and a low
degree of nonlinearity in first derivatives of the field variable.
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1. Introduction
Partial differential equations (PDE) are usually solved by numerical methods. The finite

difference method (FDM) and the finite element method (FEM) are the two most popular numerical
methods for solving partial differential equations. Each method has its own advantages and
disadvantages. FDM is easier to understand and implement, whereas FEM is capable of handling
complex geometries. Recently, alternative methods that are both easy to implement and capable of
handling complex geometries have been proposed. One such method is the method of fundamental
solutions (MFS). MFS has been used to solve linear homogeneous PDE [1-5]. By combining MFS
with collocation methods using radial basis functions, linear inhomogeneous PDE can also be
solved successfully [6-8]. An additional advantage of MFS is that it requires only specification of
boundary nodes for homogeneous problems. For inhomogeneous problems, an additional requirement
is the automatic generation of Cartesian grid [8]. Therefore, the preprocessing step of MFS is much
simpler than that of FEM, making MFS a quite promising numerical method.

MFS must be able to handle nonlinear PDE effectively to enable it to be a strong alternative
method to FDM and FEM. There have been relatively few works on using MFS to solve nonlinear
problems. It has been demonstrated that MFS is capable of yielding accurate solutions to several
nonlinear Poisson problems [9-11]. However, previous authors considered only nonlinear terms
consisting of only the field variable.  In this paper, the nonlinear Poisson problem with source term
being a function that depends on the field variable and first derivatives of the field variable are
considered. Such problems are solved by the proposed method, which is the combination of MFS
and multiquadric collocation method, on Cartesian grid. Behaviors of solutions will be studied,
which will point out limitations of the proposed method in solving nonlinear Poisson problems. In the
following sections, the mathematical description of nonlinear PDE is given, and the formulation of
the proposed method is described. Next, results of solutions to test problems are presented and
discussed.

2. Nonlinear PDE
The nonlinear PDE to be solved over a two-dimensional domain Ω with enclosing boundary

Γ(= Γ1 U Γ2) is defined by the following equation.

= for (x, y) in Ω (1)

with boundary conditions
u (x, y) =  f (x, y) for (x, y) on Γ1 (2)
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yx = g (x, y) for (x, y) on Γ2 (3)

where nx and ny are x- and y-components, respectively, of the outward normal unit vector. Variable u
is known as the field variable. The aim of the solution to Eqs. (1) - (3) is to find the value of this field
variable at a specified coordinate in the domain. It should be noted that previous uses of MFS to
solve Eqs. (1) - (3) assumed that the source function in Eq. (1) is s (x, y, u). In this study, the source
function is allowed to be a function of first derivatives of the field variable ∂u/∂x and ∂u/∂y also.

The solution of Eqs. (1) - (3) consists of two parts.
u = up + uh  (4)

The original problem is split into the following problem for up:

=

for (x, y) in Ω and on Γ (5)
and the following problem for uh:

= 0 for (x, y) in Ω (6)

with boundary conditions
uh (x, y) =  f (x, y) - up (x, y) for (x, y) on Γ1 (7)

=

for (x, y) on Γ2 (8)

3. Proposed method
Let nodes numbered 1, 2, …, Nb1 be boundary nodes on Γ1, nodes numbered Nb1 + 1, Nb1 +

2, …, Nb be boundary nodes on Γ2, and nodes numbered Nb + 1, Nb + 2, …, Nb + Ni be interior
nodes of domain Ω. The total number of nodes is N = Nb + Ni. Problems described by Eqs. (5) - (8)
must be solved iteratively. Suppose that after the nth iteration, values of (up)i

(n) and (uh)i
(n) are

known, values of (up)i
(n+1) and (uh)i

(n+1) at the (n+1)th iteration are to be determined.
Multiquadric collocation method approximates (up)i

(n+1) as

       (up)i
(n+1) = (i = 1, 2, …, N)  (9)
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                φ(rij) = (10)
which is known as multiquadrics. Shape parameter c is a real number greater than 0. Substituting
Eq. (9) into Eq. (5) results in a system of equations:

     =        si (i = 1, 2, …, N) (11)

which can be solved for aj
(n+1)

MFS approximates (uh)i
(n+1) as

       (uh)i
(n+1)  = (i = 1, 2, …, Nb) (12)

where       =                        , and (ξj,  ηj) are coordinates of source points located
outsidethe domain. If fundamental solution G is the following function:

 = (13)

then Eq. (6) is satisfied automatically. Substituting Eq. (12) into Eqs. (7) and (8) results in a system
of equations:

= (i = 1, 2, …, Nb1) (14)

  =

  (i = Nb1+1, Nb1+2, …,  Nb1+Nb2) (15)
where Nb1 and Nb2 are the numbers of nodes on  1 and  2, respectively. Since are known, and their
first derivatives can be obtained. Therefore, the right-hand sides of Eqs. (14) and (15) are known,
and can be determined.

After the determination of aj
(n+1) and bj

(n+1), (up)i
(n+1) and (uh)i

(n+1) can be computed. The solution
at the (n+1)th iteration can then be compared with the solution at the nth iteration. The average
difference is defined as

                  ∆ = (16)

provided that ui
(n) is not zero. The solution is considered to have converged when ∆ is less than a

small tolerance number. If the solution has not converged, values of ui
(n+1) to be used in the next

iteration are calculated from

ijr ′ ( ) ( )22
jiji yx ηξ −+−
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where θ is the relaxation parameter. It will be seen that strongly nonlinear problems require small
values of θ for convergence. This iteration scheme requires initial values of u(o)(x, y), which may be
uniformly zero. Assume that the convergence is reached after the kth iteration. The average error of
the converged solution is determined from

ε = (18)

The number k is to be referred to as the convergence iteration number.

4. Results and discussion
In examples of nonlinear PDE to be considered in this paper, functions f (x, y) and g (x, y)

are given by
f (x, y) = ex+y (19)
g (x, y) = (nx + ny)e(x+y) (20)

With f (x, y) and g (x, y) given, the solution depends on only the source function. Three cases of
source functions are considered.

Case 1: s = un+ 2ex+y -   enx+ny (21)

Case 2: s =          + 2ex+y -   enx+ny (22)

Case 3: s =          + 2ex+y -   enx+ny (23)

The exact solution for all cases is
uexact (x, y) = ex+y (24)
In problems of cases 1 - 3, the degree of nonlinearity depends on n. Since problems of cases

1 and 3 are linear if n = 1, this value of n is not considered here. Note that the larger n is, the more
nonlinear the problem becomes. In practical problems, however, n is usually not very large. Therefore,
this study considers 4 values of n from n = 2 to 5.

The domain of the two-dimensional test problems is the region between two concentric
circles of radii 0.6 and 0.3 as shown in Fig. 1. The Cartesian grid is generated by (0.1i, 0.1j), where
indices i and j run from -6 to 6. Nb1 boundary nodes are uniformly distributed on the outer circle, and
Nb2 boundary nodes are uniformly distributed on the inner circle. Nb1 and Nb2 are chosen to be 40
and 20, respectively, so that spacing on the boundary is comparable to Cartesian grid spacing.
Furthermore, Nb1 source points are uniformly distributed on a concentric circle (not shown) of radius
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Fig. 1 Domain of two-dimensional test problems embedded in a Cartesian grid. The radii of the outer
and inner circles are 0.6 and 0.3, respectively. Cartesian grid nodes selected for computation
are denoted by black circles.

0.6s, and Nb2 source points are uniformly distributed on a concentric circle (not shown) of radius
0.3/s in addition to boundary points. As can be seen from Fig. 1, Cartesian grid nodes are in the ring
domain, and not too close to boundary nodes.

It was shown by Chantasiriwan [8] that solutions of Poisson, Helmholtz, and diffusion-convection
equations by MFS combined with multiquadric collocation method on Cartesian grid are quite
insensitive to parameter s, which depends on locations of source points, and the shape parameter
c of multiquadrics. Results from the present study indicate that solutions to nonlinear problems by
the proposed method have similar behaviors. Hence, s and c are chosen arbitrarily to be 1.5 and
0.5, respectively.

Fig. 2 shows variations of convergence iteration number with relaxation parameter for problems
of case 1. The tolerance number is 1.0 x 10 - 4. Solution converges quickly when n = 2, 3 or 4. When
n = 5, however, solution is more difficult to converge. Parameter θ clearly influences convergence
behaviors of solutions. When n = 2, 3 or 4, this parameter may be chosen to be 1.0. But when
n = 5, the value of θ = 1.0 is not a good choice. An optimization scheme may be needed to find
the value of θ that yields the fastest convergence. Consideration of such a scheme is beyond
the scope of the present study.
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Fig. 2 Variations of k with θ for problems of case 1.

Fig. 3 Variations of ε with θ for problems of case 1.

Fig. 3 shows variations of solution error with relaxation parameter for problems of case 1.
It can be seen that the solution of a problem with lower value of n is more accurate than the
solution of a problem with higher value of n. In other words, the solution becomes less accurate as
the problem is more nonlinear. Nevertheless, accuracies of all solutions to problems of case 1 by
the proposed method are satisfactory. It can then be concluded that the proposed method can
solve a nonlinear Poisson problem in which the source term is a function of the field variable.
Previous attempts to solve similar nonlinear Poisson problems by MFS yielded similar results [9-11].

θ

θ
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k
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Fig. 4 Variations of k with θ for problems of case 2.

Fig. 5 Variations of ε with θ for problems of case 2.

Fig. 4 shows variations of convergence iteration number with relaxation parameter for problems
of case 2. When n = 2 or 3, solution converges quickly. Convergence rate is slower when n = 4.
However, convergence rate is too slow when n = 5. In fact, there is no convergence for θ > 0.38. It
can therefore be said that the proposed method fails to solve the problem of case 2 with n = 5
satisfactorily. In general, the proposed method has more difficulty with problems of case 2 than
problems of case 1. This difficulty is probably due to the first derivative of the field variable in the
source function.
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ε
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θ
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Fig. 5 shows variations of solution error with relaxation parameter for problems of case 2.
Compared with solutions to problems of case 1, solutions to problems of case 2 are less accurate.
However, behaviors of solutions to problems of case 1 and case 2 are similar in that the solution
becomes less accurate as the problem is more nonlinear. Accuracies of all solutions to problems of
case 2 for n = 2, 3 or 4 by the proposed method are satisfactory. It can then be concluded that the
proposed method can solve a nonlinear Poisson problem in which the source term is a function of
the product of the field variable and the first derivative of the field variable provided that the degree
of nonlinearity is not too large.

ε

k

θ

θ

Fig. 6 Variations of k with θ for problems of case 3.

Fig. 7 Variations of ε with θ for problems of case 3.
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Results for problems of case 3 are shown in Figs. 6 and 7. Results for n = 5 are not shown
in these figures because no converged solution exists. For n = 4, there is no convergence when θ
> 0.29. The proposed method appears to have the most difficulty with problems of case 3. This is
probably due to the fact that the degree of nonlinearity in the first derivative of the field variable of
in source term of problems of case 3 is even stronger than that of problems of case 2. It can be
concluded from results in Figs. 4 - 7 that the proposed method can solve a nonlinear Poisson
problem provided that the degree of nonlinearity in first derivative of the field variable is not too
large.

5. Conclusions
In this paper, a method combining the method of fundamental solutions and the multiquadric

collocation method is presented and used to solve the nonlinear Poisson problem with the source
function depending on the field variable and first derivatives of the field variable. It is found that, as
the problem becomes more nonlinear, the solution becomes less accurate, and the number of
iterations required for convergence increases. Moreover, results indicate that the proposed method
has more difficulty with nonlinearity in first derivatives of the field variable than nonlinearity in the
field variable. Future investigation should focus on improving the capability of this method to deal
with nonlinearity in the source function of the nonlinear Poisson equation.
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