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Abstract

Rule discovery from time series data is a data mining technique that tries to find relationships
of sequential data.  Finding association rules from time series data is different from finding such
rules in traditional data because time series data is orderly data with a sequence that must be
preserved.  Many researchers have proposed many methods of analyzing and mining time series
data, but most of them did not focus on finding association rules, and the data used in their
experimentations were discretized symbols.  In fact, many situations collect data in continuous
numeration time series.  In this paper, we propose a novel technique to find association rules from
time series data.  Our technique can analyze either the numerical time series or the symbolic time
series and show the resulting rules as               , which means that the group of pattern Y should
occur within time t when the group of pattern X occurs.
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1. Introduction
Finding association rules is a technique of data mining that discovers the co-occurrence

pattern of the data.  This technique is widely used to solve many problems in a variety of fields,
such as predicting what items a customer might buy together, or predicting a stock price pattern.
The first example is the market basket analysis, in which input data are items purchased by
customers, but input data of the second example are time series data.  Finding association rules
from these two types of input data requires different approaches, because the second data is
orderly data with a sequence that must be preserved, but the first data is a set of items purchased
together in a point-of-sale transaction.  Thus, the order of how each item appears in the same
transaction does not affect the resulting association rules.  Moreover, some situations collect time
series data in continuous numeration, which is different from symbolic data.  So we propose a new
method of finding association rules in numerical time series.  However, our method also works with
symbolic time series by just skipping the data transformation step that we suggest for the numerical
time series case.

Little work has been done on finding association rules from time series data [1], and some
work has been done in mining sequential data which is symbolic [2, 3, 4] so the problem we
introduce is finding association rules from time series data that are in numerical format.  When
numerical sequences are given as input, each sequence is assigned a transaction number and put
in a database like a customer transaction in market basket analysis, but there is a difference in that
the order of items in the sequence we consider must be preserved, unlike in market basket analysis
in which a transaction that contains A, C is viewed the same as another transaction which contains
C, A.  In the time series case, we set up a new term called "item-series" to describe those items.

Once we get input data, numerical sequences are transformed to symbolic sequences by
SAX [5].  Then by using our proposed technique we will discover the rules, which are in the form of
            . The meaning of this format is that the group of pattern Y should occur within time t
when the groups of pattern X occurs. In our experimentation we show the rules obtained by our
technique and interpret their meaning.  Furthermore, the experimentation indicates the effect of
parameters used in the transformation step.

We organize the rest of this paper as follows.  Section 2 refers to the previous works that
relate to our work.  Section 3 is a brief discussion of background on time series data transformation
and association rules.  Section 4 focuses on our new approach in finding association rules from
time series data.  Section 5 is about the experimentation of our technique on three datasets.
Section 6 summarizes the idea and experimental results along with suggestions for future work.
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2. Related Works
In [6], finding similarity between time series, which is a common task of time series analysis,

is discussed.  Many techniques such as Dynamics Time Warping (DTW) and Longest Common
Subsequence (LCS) are mentioned.  The work in [7] summarizes the techniques of data transformation
such as Discrete Fourier Transform (DFT) and Discrete Wavelet Transform (DWT).  Paper [8] reviews
the symbolic analysis and shows an example of the successful application of symbolization.  A data
transformation method called symbolic aggregate approximation (SAX), which will be covered briefly
in the next section, is shown in full detail in [5].  The works of [9, 10] focus on traditional association
rules. [9] proposes mining association rules in a large database.  [10] surveys and compares the
techniques of association rule finding.

In [1], clustering methods are used for discretization, and the rules are found in
format. However, both the left hand side and the right hand side of the rule, which are X and Y
respectively, are single-item patterns which differ from our rules that allow patterns with multiple
items. The works in [2, 3, 4] discuss mining sequential data. [2] proposes mining sequential
patterns from a database of customer transactions which consists of ID, time, and item purchased.
The work of [4] proposes the algorithm for discovery of frequent groups of patterns called episodes.

3. Background
3.1 Transformation

Time series data transformation is a part of data preprocessing before mining. This
preprocessing step can help reduce analysis time due to the dimension reduction.  This step also
reduces the effect of noise in data sets.  In our experimentation, we use a data transformation
technique called symbolic aggregate approximation (SAX) [5] to transform our numerical time series
to symbolic format.  However, other algorithms, which can transform continuous data to symbolic
format are also applicable. SAX can reduce the existing data size n down to size w (where w < n).
SAX preprocesses the raw numerical time series by first applying Piecewise Aggregate Approximation
(PAA) [11] to the raw data.  This step divides time series data into w intervals and finds an average
for each interval.  Then SAX applies a discretization step to the result of the previous PAA step.
SAX’s discretization step is based on the Gaussian distribution assumption. An example of the final
transformed time series resulting from SAX is shown in Fig. 1.
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Fig. 1 A symbolic time series after SAX data transformation.

3.2 Rules discovery
The main goal of extraction of association rules is finding the interesting rules which are

in the format X Y. The interestingness of the rules can be determined from two measures:
support and confidence.  The higher the support and the higher the confidence level of the rules,
the better rules they are.  Thus, in association rule finding, we are looking for rules with high
supports and high confidences.   Common practice usually involves setting up a minimum threshold
value for an acceptable level of a support value and a confidence value.  Then the association rule
mining algorithm will try to find association rules which have supports and confidences higher than
the specified minimum limit.

Let
D represents a database
Tj represents a transaction j in a database D where Tj ∈ D
i represents one item.
I represents a group of items called item-set I = {i1, i2, . . . , in}

Thus Tj contains item i in the transaction j where Tj ⊆ I and if we have item-set X and
Y where X, Y ⊆ Tj ⊆ I and X ∩ Y = ∅ we can represent an association rule as X Y

The above rule means when a customer buys items in X then he or she will buy items in
Y.  This association rule's interesting level can be measured from two values: support and confidence,
which can be calculated from equations (1) and (2) respectively.

If X ⊆ Tj , then we can conclude that the transaction Tj ∈ D supports item-set  X ⊆ I
where the ratio of the number of transactions Tj which supports item-set X compared to the number
of transactions in the whole database D is called the support of X.  This is written as the equation
(1) below.

(1)
{ }

D

TXDT
(X)

jj ⊆∈
=sup
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The confidence of an association rule is defined as the equation (2) below.

(2)

where sup(X Y) is obtained from sup(X Y) = sup(X ∩ Y).

4. Association Rules for Sequential Data
4.1 Formal problem

The database we consider is a collection of sequential data. Each transaction of the
database contains one sequential data that consists of two parameters: value (sj) and time (tj).
Suppose that there are m transactions in the database, T1 to Tm. The database and its transactions
can be written as follows.

D = {T1, T2, …, Ti, …, Tm}
Ti = ( [s1,t1], [s2,t2], …, [sj,tj], …, [sn,tn] )i

where tj+1 > tj

However, the data we refer to is in constant interval; that means tj+1 - tj = tj - tj-1 for all
j where 1 < j < n, then the transaction Ti can be easily written as Ti = ( s1, s2, …, sj, …, sn )i

Table 1 The input database.

Transaction No. Item-series

1 (s1 s2 … sj … sn)1
2 (s1 s2 … sj … sn)2

i (s1 s2 … sj … sn)i

m (s1 s2 … sj … sn)m

Each sj shown in Table 1 is a symbol that refers to the original data. The domain of the
symbol is a set A={a1, a2, …, ak, …, aq} where ak is a single alphabet and q is a number of alphabet
that relate the pattern of data.

4.2 Item-series
Items in transactions in a market basket analysis database are non-orderly data, but

items in transactions of our time series database are orderly data. To illustrate that, consider the
following transaction.

(X)
Y)(X

Y)conf(X
sup

sup →
=→

…
…

…
…
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Table 2 Example of transaction in database.

Transaction No. Item
1 a   b   c   b

In market basket analysis, items in transactions are purchased products, so it is not
different to say that the customer buys item ‘a’ and ‘b’ or buy item ‘b’ and ‘a’. On the other hand,
the transactions we consider refer to the events or patterns of the data involving time, so we have
to know which item comes first.

Moreover, in Table 2 there are two items of ‘b’. Market basket analysis considers those
as one item and the transaction can be re-written to ‘a b c’. For sequential transaction the item ‘b’
must be left in correct order so the transaction cannot be reduced like the previous case.

The term “item-series” is setup to distinguish those cases. An item-series having one item
such as (sj) is called a 1-item-series, then the (sj, sj+1) is called a 2-item-series and so on. We can
shortly write n-item-series as  〈sj, sj+n-1〉  and we can also write subscript i as  〈sj, sj+n-1〉i to identify the
i th transaction.

Now, consider subsequent transactions. Subsequence X = Sub(Ti,j,t) is an item-series of
the i th transaction that follow by equation (3).

Sub(Ti,j,t) =  〈sj, sx〉i ; x = min(n,j+t-1) (3)

where n is the length of the sequence.

For example, as illustrated in Table 3, Sub(T1,2,4) = 〈s2, s5〉1 and Sub(T3,3,4)= 〈s3, s5〉3.

Table 3 Database example.

Transaction No. Item-series
1 s1  s2  s3  s4  s5

2 s1  s2  s3  s4  s5

3 s1  s2  s3  s4  s5

4 s1  s2  s3  s4  s5

4.3 Discovering large item-series
Like traditional association rules, our step of finding association rules can be decomposed

into two sub-steps. First is the step of discovering all large item-series. Second is generating rules
from those large item-series. In this section, we focus on the first one.
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The problem for now is how to discover the large item-series. We first introduce the
technique of finding frequency of item-series then we show how to calculate support of item-series.
To complete this step, the algorithm broken down generating item-series that have their support
higher than minimum support is discussed.

We define a new function called within(X) to find the set of subsequence X in the
database. Suppose item-series X is a subsequence (ap1,ap2,...,apr ,...,apt- 1) then the function can be
defined as

(4)

where pr ∈ {1, 2, …, q} and apr is the (pr)th element of A.

For example, let database D, shown in Table 4, have four transactions that consist of
five symbols each. There are three alphabets forming a sequence in transaction.

         Table 4 Database.

Transaction No. Item-series
1 b  b  a  c  a
2 b  a  c  a  c
3 b  b  b  a  c
4 b  b  a  c  a

Let X be an item-series (b b a). Finding within(X) using equation (4) get the output as
{〈s1,s3〉1 , 〈s2,s4〉3 , 〈s1,s3〉4} and also the frequency of item-series X is |within(X)| = 3

Next, we find all possible subsequence length t which is allSub(t) = {Sub(Ti,j,t) |   i,j(i∈
{1, …, m} ∧ j∈{1, …,n}) } where m is number of transaction in database and n is length of each
transaction. From above example all subsequence that have length 3 is

allSub(3) ={Sub(T1,1,3), Sub(T1,2,3),…, Sub(T1,5,3),
Sub(T2,1,3), Sub(T2,2,3),…, Sub(T2,5,3),
Sub(T3,1,3), Sub(T3,2,3),…, Sub(T3,5,3),
Sub(T4,1,3), Sub(T4,2,3),…, Sub(T4,5,3)}

Thus, the number of all possible sequences that have length 3 is |allSub(3)| = 20.

Now, we can find the support of item-series by

{ |〉〈= −+ 1tjj s,swithin(X) (
1

1
+−

=∧−+≤≤∀
jupu astjuju

∀ 

{)
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(5)

where t is the length of subsequence X

So support of item-series (b b a) is

The algorithm finding large item-series is shown as follows.

Algorithm Discovery_large_item_series
Input : Database D, minSupport
Output : Large Item-series L
L1 = {large 1-Item-series}
for k=2 , Lk -1 ≠∅ , k++

Ck = genCandidate(Lk -1)
Ck.count = within(Ck)
Lk = {c ∈ Ck | c.count ≥ minSupport}

end
L = UkLk

Using table 4 as database (D) and setting minimum support at 20%, we get a set of
large 1-item-series which is { {a}, {b}, {c} } (See support of 1-item-series in table 5). Then we can find
next large item-series, L2 , L3 and so on by following above algorithm. Finally, unite all large item-
series.

Algorithm genCandidate
Input : Lk -1

Output : Ck

for all l∈Lk -1

if li(2)=lj(1), li(3)=lj(2),…,li(k -1)=lj(k-2)
insert li+lj(k-2) into Ck

end
end

From table 6 showing support of all 2-item-series, we get large 2-item-series,L2 , { {ac}, {ba},
{bb}}. Using genCandidate algorithm, for example, if we consider on ‘ac’ and ‘ba’, we see that last
letter ‘c’ from ‘ac’ doesn’ t math first latter ‘b’ from ‘ba’ but last latter ‘a’ from ‘ba’ math first latter
‘a’ from ‘ac’. So we get ‘bac’. Continuing the same process, we get candidate item-series, C3.

allSub(t)
within(X)

(X) =sup

15%
20
3
=
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Algorithm within
Input : Ck

Output : Ck.count
for all transaction in D

Generate list of member in T (CT)
for all c∈Ck

c.count = c.count + number of c in CT

end
end

We can find support of each item-series in candidate item-series, Ck, by following ‘within’
algorithm to pick item-series having support more than minimum support and generate next large
item-series.

Table 7 shows the support of 3-item-series. It illustrates that only one item-series, which is
‘bac’ has support higher than minimum support, so this is included in large item-series.

Table 5 Support of 1-item-series.

Item-series Support
a 35%
b 40%
c 25%

Table 6 Support of 2-item-series.

Item-series Support
aa 0%
ab 0%
ac 25%
ba 20%
bb 20%
bc 0%
ca 15%
cb 0%
cc 0%
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Table 7 Support of 3-item-series.

Item-series Support
bac 20%
bba 15%
bbb 5%

Thus, the set of large item-series (L) is {{a}, {b}, {c}, {ac}, {ba}, {bb}, {bac}}

Notice that the algorithm does not generate ‘aca’ as 3-item-series despite the support of
‘ac’ is 25% (from Table 6). This is because ‘ca’, a part of ‘aca’, has support less than minimum
support.

4.4 Generating rules
Association rules generated by our algorithm are the pattern              where X and Y

are large item-series such as those found in section 0 and t is time interval. The rules which have a
confidence higher than minimum confidence are acceptable. Our rules are generated from the set
of large item-series. Let X, Y ∈ L, we define set A as a set of subsequence that follows the item-
series X.

Also, set B is defined as a set of subsequence that contains item-series Y.

The confidence of the rule              is number of subsequence length t that contains
item-series Y and follows the item-series X.

Consider parameter t. Suppose t1 < t2 then the number of set B with t2 is higher than the
number of set B with t1 because the longer t the more possible it is to find the subsequence. Thus,
if the rule             is not accepted, the rule              can not be accepted either.

Algorithm genRules
Input : L, minConfidence
Output : Rules
for all l∈L

for t=n-1, 1, t---

YX t⎯→⎯

{ |s,sA tjj 〉〈= −+ 1 ( )}within(X)s,svujvvu vu ∈〉〈→<∧−=∃∃ 1

{ |s,sB tjj 〉〈= −+ 1 ( )}within(Y)s,stjvujvu vu ∈〉〈→−+≤≤≤∃∃ 1

YX t⎯→⎯

{ |s,sY)conf(X tjj
t 〉〈=⎯→⎯ −+ 1 }BAs,s tjj ∩∈〉〈 −+ 1

YX t⎯→⎯ 2 YX t⎯→⎯ 1



วารสารวจิยัและพฒันา มจธ. ปที ่29 ฉบบัที ่4 ตลุาคม-ธนัวาคม 2549458

rule.count = calculateRuleConf
if rule.count ≥ minConfidence

generate rule
else

break to next l
end

end

Table 8 Example of the rules.

LHS RHS t conf
b c 3 88%
b ac 3 88%

bac a 2 75%
b c 2 50%
b bac 4 50%

5. Experimental Results
We test the proposed algorithm with three actual data sets in a variety of domains. Closed

price of stocks from Stock Exchange of Thailand contains more than 2,000 points of data [12]. The
price of 20 companies is collected from August 1996 to July 2004. The data from Thai meteorological
department consists of average daytime temperature and relative humidity [13]. Last data set is the
positions of a moon orbiting around Neptune [14]. This data set consists of latitude and longitude of
the moon collected every two minutes.

Our experiment focuses on finding association rules from numerical time series data.  We
start by transforming the raw numerical inputs into symbolic representation.  During this step we
experiment with adjusting of system parameters such as the number of segments of data (k) and
the number of alphabets used to represent data (α), the minimum support level, and the minimum
confidence level.  The results are shown in Fig. 2-5.

21 ll t⎯→⎯
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Fig. 2 Graph between α and the number of discovered association rules with 10% support
and 50% confidence.

Fig. 3 Graph between α and the number of discovered association rules with 30% support
and 70% confidence.

Fig. 4 Graph between the number of segments k and the number of discovered association rules
with 10% support and 50% confidence.

Fig. 5 Graph between the number of segments, k and the number of discovered association rules
with 30% support and 70% confidence.
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In addition, the resulting association rules from the proposed method are displayed in an html
file in Fig. 6.

Fig. 6 The extracted association rules.

The resulting association rules are in the format             where X and Y are a pattern
which should occur in the time interval t.  An example of the rule interpretation can be explained as
follows:

Let a time series contain continuous daily data points for 2,000 days.  If we divide this data
into 20 segments (k = 20), each data segment will contain               data points.  If the resulting
association rule is               , we will conclude that if the pattern Z followed immediately by W
occurs, then within 5 time units or 500 days (5 X 100) pattern X should occur.

Let's assume the same time series with 200 segments. Each segment contains
data points. If the resulting association rule is             , this means that if the pattern X occurs,
within 2 time units or 20 days (2 X 10) pattern Z should occur.

From the illustrated examples, if the number of segments (k) is large, the resulting association
rules are suitable for long-term prediction.  However, if the number of segments (k) is small, the
resulting association rules are suitable for short-term prediction.  However, from our experiment, the
smaller the k value, the more processing time we need in association rule extraction.  Thus, the

YX t⎯→⎯

100
20

2000
=

XWZ, ⎯→⎯5

10
200
2000

=

ZX ⎯→⎯2
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user must take the requirement of time series analysis into account whether short-term or long-term
prediction is of his/her interest.  If the k parameter reflects too short an interval, the computation
may be unnecessarily time consuming.

6. Conclusion
This work proposes a new method in finding association rules in sequential data such as

numerical time series.  We suggest using a symbolic data transformation called SAX in transforming
the raw numerical time series into symbolic representation, and then mining the transformed data
for association rules which meet the minimum support and minimum confidence with our new
approach.  Our algorithm defines the steps of extraction of large item-series and the method of
generating association rules from them.  This results in finding many interesting association rules in
the form of

            where X and Y are the pattern of Item-series which occur and  t  is the time
interval in which the pattern Y should occur after the pattern X has occurred.

If the user has the raw time series data in symbolic format, our proposed method of
association rule finding still applies.  The users can skip the data transformation step from numerical
to symbolic time series data, which we suggest.

In the future, we see the opportunity to improve the proposed algorithm into an online-type
algorithm, which will be more useful to all real-time streaming-type applications.
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