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Abstract

This paper presents boundary element analysis of two-dimensional piezoelectric bi-materials under
mechanical or electrical loading. A direct formulation of the boundary integral equation is derived by
employing closed form Green’s functions for a two-dimensional piezoelectric solid subjected to
concentrated line loads and a line electrical charge, and utilizing a sub-region model and a multi-region
assembly. The convergence and numerical stability of the numerical solution scheme are established, and
the accuracy is verified by comparing with existing analytical solutions. Selected numerical results for
piezoelectric bi-materials with an elliptical hole due to remote mechanical or electrical loading are
presented to portray the influence of geometry of defects on stresses, electric displacement and electric

field around the hole and along the interface of piezoelectric bi-materials.
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1. Introduction

Piezoelectric materials are widely used in the
development of smart structures. These materials
generate an electric charge in response to
mechanical deformations and undergo deformations
under an applied electric field. Relatively low
tensile strength and fracture toughness are among
the major concerns that limit the industrial
applications of piezoelectric materials. Defects
such as cavities, inclusions and cracks in these
materials resulting from manufacturing processes
could lead to undesirable performance.

Analytical solutions to boundary value problems
involving piezoelectric solids with defects have been
reported in the literature [1-4]. Only problems
under ideal loading and geometries can be solved
by using analytical methods. In recent years, the
boundary element method (BEM) has emerged as
a versatile computational tool for analysis of
piezoelectric materials. This method requires only
discretization of the boundary and its solutions in
the vicinity of defects and material interface can be
computed very accurately by using the boundary
integral equations. Boundary element solutions for
a piezoelectric solid with a hole were given by Lee
[5], Ding et al. [6], Xu and Rajapakse [7] and

Liu and Fan [8]. In addition, Pan [9], Davi and
Milazzo [10] and Groh and Kuna [11] employed
the boundary element method to determine stress
intensity factors in a cracked piezoelectric medium.

This paper presents the application of a
boundary element method for two-dimensional
piezoelectric bi-materials with an elliptical cavity
under electromechanical loading as shown in Fig.
1. The problem is considered as a piezoelectric
domain consisting of two sub-regions with
different material properties (Fig. 2). The boundary
integral equation formulation employs closed form
Green’s functions, given by Rajapakse [12],
corresponding to a piezoelectric solid subjected to
concentrated line loads and a line electrical charge.
The global equation system is assembled by
considering the interface continuity conditions
between the two domains. The convergence,
numerical stability and accuracy of the boundary
element solution are verified by comparing with
analytical solutions given by Sosa [1]. Selected
numerical results for stresses, electric displacements
and electric fields around the hole and along the
interface of piezoelectric bi-materials subjected
to remote mechanical and electrical loads are

presented.
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Fig. 1 Piezoelectric bi-materials with an elliptical cavity under electromechanical loading.
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Fig. 2 Boundary element discretization.



13 19wz w95, Tl 30 atufl 3 nangAx-fupneu 2550 423

2. Basic Equations

Consider a piezoelectric medium with a Carte-
sian coordinate system (x, y, z) defined such that
the z-axis is the poling direction as shown in Fig.1.
Constitutive relations for a piezoelectric material
subjected to plane-strain deformations in the x - z

plane, ie. € = €,= €,.= E,= 0 can be expressed

as follows:
O, = C&TCyE -6 F 0]
0,= Cy&§FCyE,-6F 2
o,= 2c,€ -€.E, (3)
D, = 2e,¢ +¢,E 4)
D = e, +6,€ +¢,,E (5)
where 0;, €;, D,and E; (i, j = x, z) are the compo-

nents of stress, strain, electric displacement and elec-
tric field respectively; ¢,,, ¢35, ¢5; and ¢,, are elastic
constants under zero or constant electric field; e,

ey;and e are piezoelectric coefficients; and ¢, &5

Table 1 Material properties

are dielectric constants under zero or constant strain.
Tablel presents the electroelastic properties of
PZT-4, PZT-5 and PZT-5H.

The constitutive equations for plane-stress
response (0, = 0,,= 0,,= D,= 0) can be obtained
from Eqgs.(1) to (5) by replacing ¢,,, ¢35, €33, €315 €3
and &;;by (¢, — ca/c1), (€13 — Cracifen), (¢ — €13/
cn)s (3 — cppes /ey, (€3 — cpsey /eyy) and (&5 +
e;, /c,,) respectively.

The field equations for plane-stress/strain
response of a piezoelectric material can be expressed
by using the standard indicial notation as

o, t+ F=0;, D;=p, ihj=X1z (6)
in which F; and p, denote the body force in the
i -direction and a body electric charge respectively.

The strain-displacement and electric field-

potential relations can be expressed as

1

szj(ui,i+ui,i); E=9¢, iL,j=%xz (7)

where u; and ¢ denote the mechanical displacement

in the i-direction and electric potential respectively.

e | o | e | e | | [ e | e | oa | e
PZT-4 139 | 778 | 743 | 113 | 2.56 | 13.44 | -6.98 | 13.84 [ 6.0 5.47
PZT-5 12.1 | 7.54 | 7.52 | 11.1 | 2.11 123 | -5.4 | 15.8 | 8.170 | 7.346
PZT-5H 12.6 5.5 53 11.7 | 3.53 | 17.0 | -6.5 | 23.3 | 15.1 | 13.0

%10 Nm?; T Cm?; " x10°Fm".

3. Boundary Integral Equation

For a linear piezoelectric medium of volume

and boundary I' , the following reciprocal relation

can be established:

(2) (1) @M. ) (2) £(1) (1) +(2)
J(T w—=T,u;—q P +q ¢ )dr=

T

J(F.(l)u.(z)— F,(Z)LL(I)+ p(2)¢(1)_p(1)¢(2)) do

Q

L

@)
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where the superscripts (1) and (2) denote two inde-
pendent systems of field variables. In addition, T,
and ¢ are traction components in the i-direction

and the surface charge respectively, in which,

and 7, denotes the outward unit normal vector in the
i-direction.

Let the system (1) correspond to the actual
problem and the system (2) to the fundamental
solution. The reciprocal relation, Eq.(8), then

becomes the following integral equation:

CxHUEK') = {G(x; x)T(x)dl-
er(x; xHUX)dIC+

iG(x; x")F(x)dQ (10)

in which, for a smooth boundary T', the coefficient

matrix C is given by

I, X' EQ
Cx)=131/2), xeEr (11)
0, X' EQ

where / and 0 denote an identity matrix and a zero

matrix respectively. In addition,

M./‘, /z-.’( F)C
U=3u,t; T=41,t; F=1{F, (12)
—¢ —q -p,
Gxx ze xq
G=|G, G, G, [;
ox gz qq J
.Hxx X X
H= Xz 2z gz
| Hyq Hyg Heq) (13)
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In Eq.(13), G;(x; x") and G,, (x; X") denote the
displacement in the i-direction (i = x, z) at field point
x due to a unit load in the j-direction (j = x, z) and a
unit electric charge respectively applied at point
x"; G, (x; x) and G, (x; xX”) denote the electric
potential at field point x due to a unit load in the
j-direction (j = x, z) and a unit electric charge
respectively applied at point x*; H; (x; Xx") and H,,
(x; X”) denote the traction in the i -direction (i = x,
z) at field point x due to a unit load in the j-direction
(j = x, z) and a unit electric charge respectively
applied at pointx”; H,; (x; x") and H,, (x; X") denote
the electric charge at field point x due to a unit load
in the j-direction (f = x, z) and a unit electric charge
respectively applied at point x”.

In this paper, the fundamental solutions appear
in the kernel matrices G and H corresponding to an
infinite piezoelectric medium subjected to a unit
concentrated line load in the x-and z-directions and
a unit concentrated line electric charge given by
Rajapakse [12].

The solutions for displacements and electric po-
tential are expressed in terms of Fourier integral

transforms as follows:

_ 1 e . o €|z iEx
u =5 JliEZAM Ge s ends  (14)
_ 1= S sz | ariex
0= 5 [|[EZgM @ |evds  19)
¢ = ;_ﬂf |ﬁ§6,- M; e |e=ds  (16)

where & denotes Fourier transform parameter; M,
are a set of arbitrary functions to be determined from
the loading and boundary conditions; and «; (j=1,
2, 3) are the roots of the following characteristic

equation:
6 4 2 —
a’+wa’+w,a”+w,=0 (17)
in which w,, w, and w, are real constants that

depend on the electroelastic properties of a

material. In addition,

B=(C+ C44)(e330‘j2 - €50 - (Cy ajz_ C)(& + €5 (18)
n=(C, + C44O‘j2)(%3 ajz_ €5) — (Ci3— C)(& + els)O‘j2 (19)
o =-(Cy a12 =C;)(Cyy = C;3 ajz) +(Cps+ C44)2a1'2 (20)

The solutions for stresses and electric displacements
can then be obtained from Egs.(14) to (16) by using
Egs.(1) to (5) and (7).

4. Numerical Implementation

In view of the complexity of the kernel matrices
G and H, Eq.(10) is solved by applying numerical
techniques. A numerical solution is obtained by
discretizing the boundary I' into a total of NE bound-
ary elements. For the m” boundary element (m =1,
2,..., NE), the nodal values of the generalized

displacements and traction can be expressed as



426 713 19 Buaziun was. Ui 30 atuil 3 nangran-fuensu 2550

u=u® u®
where
uh = <”,(vi) ui”— POy

and n is the total number of nodes for the m”

element.

NE

u(n)>T :

0 = (70 70 g0y

T=(tV ¥ .. g0 (21)
i=1,2,,n (22)

According to the above discretization, Eq.(10)
can be written in the absence of body force and

electric charge as

NE

CxHU®K) = 21 [A! G(x;x") NJdI' (17)] T - 21 [A! H(x;x") NJdI' (7])] u (23)

where J is Jacobian of transformation and 7 is the
local coordinate. In addition, the shape function
matrix [V for the m” element is given by

N = [N(l) I NP1 « N7 J (24)
in which N® (i = 1, 2,~-, n) denotes the shape
function associated with the node i.

The numerical integration of Eq.(23) is
performed by using the Gaussian integration
technique. Special attention is required when the
load point x” coincides with the field point x and x
the integration scheme presented by Watson [13] is
implemented to calculate singular integrals. After
performing the numerical integration over NE
boundary elements, Eq.(23) can be expressed in the

following form:

HU = GT (25)

where the elements of the matrices G and H are
obtained from the integrals of the first and the
second terms respectively appearing in the right
hand side of Eq.(23). Note that the C matrix in

Eq.(23) is absorbed into the diagonal blocks of the
matrix H . In addition, U and T are column vectors
whose elements are the nodal values of the gener-
alized displacements and traction respectively.
Consider a piezoelectric domain consisting of
two sub-regions with different material properties.
Both sub-regions are connected along an interface
I'; as shown in Fig. 2. The equation system for a

sub-region k (k=1, 2) can be written as

K k
S R
U, T,

where ’U,f and ’]',;k denote the nodal values of the
generalized displacements and traction respectively
on the external boundary I'; that belongs to the sub-
region & ; ’U,k and 7, ‘denote the nodal values of the
generalized displacements and traction respectively
on the interface I',that belongs to the sub-region « .
The compatibility and equilibrium conditions at

the interface I';require that

U=1; T,=-T, (27)
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According to the above interface conditions, the

final equation system then becomes

l‘}(El; '}[ll '@1 0 ]
0 H G H,

The nodal solutions can be obtained by solving
Eq.(28) with appropriate boundary conditions. It is
noted that computations should be carried out with
high order of precision to handle ill-conditioning of
the matrix due to substantial difference in the order
of magnitudes of the kernel functions in the bound-
ary integral equation.

The solutions for displacements and electric
potential within the domain Q can be determined
by substituting the nodal solutions from Eq.(28) into
Eq.(23) with x” € Q . The solutions for stresses and
electric displacements within the domain can be
computed by substituting the nodal solutions from

Eq.(28) into the following equation with x" € Q :
S() = Z[ ] G*(xix') Nydr (n)} 7~

m

Zl {J H(x;x") NJdT ( n)} u (29)

where S denotes the generalized stress vector
defined as

S= {Uxx o, O, Dx DZ}T (30)
and the two matrices GSand H® are obtained by
differentiating the elements of matrices G and H
given by Eq.(13) respectively with appropriate
constitutive relations given by Egs.(1) to (5).

Uy
T
T,
U,

427

T,
T,

0

4
0 Ga

5. Numerical Results and Discussion

(28)

The numerical solution scheme based on the
boundary integral equation method described in
the preceding sections has been implemented into
a computer program to study piezoelectric bi-
materials with an elliptical cavity under remote
mechanical and electrical loading as shown in Fig.
1. The quadratic elements (three-node elements) are
used and the following non-dimensional quantities

are employed in the numerical results in this paper:

= O !/ ay; L= O /D, (31)
D'=D/0g: D'=D0/D, (32
E=E/g; E=E/D, (33)

First, the convergence and stability of the present
boundary element scheme are investigated with
respect to number of elements NE and the
dimension of the plane W (see Fig. 1). Non-
dimensional stress (o;,) along the x-axis of an
infinite PZT-4 plane with a circular hole (b/a = 1)
under remote tension in the z-direction (g, = o ) is

shown in Fig. 3



428

35
e Sosa (1991)
— — NE=24
3.0 1 —-—— NE=40
—— NE=56

713 193BURTIRIL 895, T 30 aun 3 nsngrAN-Tueeu 2550

35
e Sosa(1991)
—— Wa=5
3.0 A ——— Wa=10
— Wa=50

0.5 T T T

Fig. 3 Comparison of boundary element solutions.
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Fig. 4 Comparison with analytical solutions.

for different values of NE and W/a. The analytical
solutions given by Sosa [1] are also presented for
comparison. The boundary of the hole is traction-
free and completely insulated, and the plane-strain

condition is assumed. These conditions are

employed for all numerical results presented in this
paper. It has been found that numerically stable and
converged solutions can be obtained when NE = 56
and the effect of the boundary on the solution

becomes negligible if W/a = 50. Comparisons of
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non-dimensional hoop stresses (0, ;04 and elec-
tric displacements (D), ; D, ) around the circular hole
with Sosa’s solutions [1] are presented in Fig. 4 for

remote tension (0X= o) and remote electric dis-

6
~ —— PZT-5H
—— PZT-5H/PZT-5
— - — PZT-5H/PZT-4
4 ®  Mechanical Load
B Electrical Load
e
S
X
; 3
o)
i
o)
_2 T T T T T T T
0 45 90 135 180 225 270 315 360
0 (deg)
4
<
=
N
e
&
o
x
e
‘4 T T T T T T T

0 45 90 135 180 225 270 315 360
0 (deg)
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placement (D”= D,) in the z-direction. It can be

clearly seen from Fig. 4 that the present BEM

solutions agree very closely with analytical

solutions for both mechanical and electrical loads.

D, (x1071%); D"

E, (x102); E,” (x108)

45 90 135 180 225 270 315 360
0 (deg)

45 90 135 180 225 270 315 360
0 (deg)

Fig. 5 Electroelastic fields around a circular cavity of different piezoelectric bi-materials.
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Electroelastic response of piezoelectric bi-
materials with an elliptical cavity at the interface
subjected to remote tension (o = 0,) and remote
electric displacement in the z-direction (D.= D,) as
shown in Fig. 1 is presented next. Fig. 5 presents
electroelastic fields around a circular cavity (b/a=1)
of different piezoelectric bi-materials, PZT-5H/
PZT-5 and PZT-5H/PZT-4, and a piezoelectric
material PZT-5H subjected to remote tension and
electric displacement in the z-direction. The prop-
erties of all piezoelectric materials are given in
Table 1. Numerical results in this figure indicate

notable differences of electroelastic responses in

piezoelectric materials and bi-materials, especially
in the case of hoop stress under electrical loading,
in which oy of the bi-materials (PZT-5H/PZT-5 and
PZT-5H/PZT-4) is much higher than that of
PZT-5H. On the other hand, higher electric
displacement around the cavity under remote
tension is observed in PZT-5H when compared to
that of the bi-materials. Note that o, and D} for
all three cases are not much different. In addition,
the maximum electric field concentrations under
both mechanical and electrical loads are found in
the PZT-5H/PZT-4 bi-materials followed by
PZT-5H/PZT-5 and PZT-5H respectively.
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Fig. 6 Electroelastic fields around an elliptic cavity of PZT-5H/PZT-5 under remote tension.
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Fig. 7 Electroelastic fields around an elliptical cavity of PZT-5H/PZT-5 under remote electric displacement.

Fig. 6 presents electroelastic fields around the
boundary of an elliptical cavity (s ;6, D;, Er and EZ)
in piezoelectric bi-materials PZT-5H/PZT-5 under
remote tension in the z-direction for different
values of b/a (b/a =0.25, 0.5, 1.0, 2.0 and 4.0). The

solutions under remote electric displacement in

ot

the z-direction (o

s Dys E7 and E; ) are shown

in Fig. 7. It can be clearly seen from Figs. 6 and 7
that electroelastic responses around the cavity
boundary depend significantly on the ratio b/a. The
solutions around the cavity boundary under remote

tension shown in Fig. 6 decrease with increasing
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the value of b/a and their maximum values are
found in the vicinity of the interface of the two
materials (6 = 0, 7). Numerical results presented in
Fig. 7 for electrical loading indicate similar varia-
tion of circumferential electric displacement (D))
and circumferential electric field (E:) with g. The
maximum values of DZ and E;*are found near the
bi-material interface (6 = 0, m) and they decrease
with increasing the value of b/a. Hoop stress (0;;)
and radial electric field (Er**) are zero at the
bi-material interface (6 = 0, 7). In addition, their
magnitudes along the boundary also decrease with
increasing the geometric ratio b/a except in the

vicinity of ¢ = /2 and 37/2.

6. Conclusions

Boundary element method is employed to
investigate electroelastic responses of two-dimen-
sional piezoelectric bi-materials by utilizing a
sub-region model and a multi-region assembly.
Convergence, numerical stability and accuracy of
the present numerical solution scheme are estab-
lished by comparing with existing analytical
solution. Selected numerical results for electroelastic
fields of piezoelectric bi-materials with an ellipti-
cal cavity under remote tension and remote electric
displacement are presented. It has been found that
significant differences between electroelastic
responses of piezoelectric material and bi-materials
are observed especially in the case of hoop stress
under remote electric displacement. In addition,
stresses, electric displacements and electric fields
around the cavity depend significantly on the geo-
metric ratio b/a and the type of loading. Stress and
electric field concentrations decrease with increas-
ing the value of b/a under mechanical loading and
the maximum values are observed in the vicinity of

the interface. For electrical loading, the maximum

stress and electric field concentrations occur at dif-
ferent locations on the boundary depending on the

geometry of the hole.
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