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°“√§”π«≥ Linearized Least Squares ‡æ◊ËÕÀ“æ‘°—¥µ”·Àπàß„π 2 ¡‘µ‘

‚¥¬Õ“»—¬‚ª√·°√¡ Mathcad
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Computational Linearized Least Squares for 2D Positioning

Using Mathcad
˙
 Programming

This study involves an application of linearized Least Squares through Taylor series to analyze 2D

positions.  The nonlinear system has mathematical models outnumbered the number of unknowns.  In

addition, this work studies the various effects of geometry of the given coordinates having impacts on

convergence ability and on speed to reach respective solutions.  The written Mathcad program is utilized as

a study tool which is very easy to use.  Moreover, when changing numerical values of parameters, Mathcad

provides instant solutions.

Seven different geometry scenarios of the given coordinates are exampled.  The study results show

that when given coordinates are highly distributed around the determined position, the solutions converge

faster than any other cases, with high precision.  On the other hand, when given coordinates are highly

clustered or circularly distributed around the determined position, convergence is very problematic.  This is

true especially for the case when assumed values for initial solutions (x
0
, y

0
) are far away from exact

solutions, thus producing solutions to diverge due mainly to singularity because of very similarity of the

observed mathematical models.
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1 ∫∑π”
ª√–¡“≥™à«ßªï §.».1800 π—°«‘∑¬“»“ µ√å·≈–π—°

§≥‘µ»“ µ√å™“«‡¬Õ√¡—π ™◊ËÕ Carl Friedrich Gauss ‰¥â

·π–π”À≈—°°“√æ◊Èπ∞“π‡°’Ë¬«°—∫‡∑§π‘§ Least Squares  ́ ÷Ëß

µàÕ¡“‰¥â¡’°“√æ—≤π“ª√–¬ÿ°µå„™â·°âªí≠À“„π»“ µ√åµà“ßÊ

¡“°¡“¬

‡∑§π‘§ Least Squares ™à«¬·°â√–∫∫ªí≠À“ ‡¡◊ËÕ¡’

®”π«π ¡°“√¡“°°«à“®”π«πµ—«·ª√ (∑—Èßπ’È‡√’¬° √–∫∫

ªí≠À“‡™‘ß‡ âπ (system of linear equations) ∑’Ë¡’

®”π«π ¡°“√¡“°°«à“®”π«πµ—«·ª√«à“ over-determined

systems Õ—π‡ªìπº≈¡“®“°√–∫∫¡’‡ß◊ËÕπ‰¢À√◊Õ¢âÕ®”°—¥

¡“°‡°‘π‰ªπ—Ëπ‡Õß (over-constraint))  ∑—Èßπ’È Least Squares

æ¬“¬“¡À“§”µÕ∫∑’Ë‡À¡“– ¡¥’∑’Ë ÿ¥∑’Ë Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢

(constrained optimization solutions) [1, 2]

Õ¬à“ß‰√°Á¥’ ª°µ‘·≈â«®–„™â‡∑§π‘§ Least Squares „π

°“√·°âªí≠À“√–∫∫‡™‘ß‡ âπ (linear system) ∂â“√–∫∫∑’Ë

®”‡ªìπµâÕß·°âªí≠À“‡ªìπ√–∫∫ ¡°“√‰¡à‡™‘ß‡ âπ (non-

linear system) °“√·°âªí≠À“°Á “¡“√∂°√–∑”‰¥â‚¥¬

Õ“»—¬°“√·ª≈ß à«π∑’Ë‡ªìπ‰¡à‡™‘ß‡ âπ„Àâ‡ªìπ‡™‘ß‡ âπ ∑”‰¥â

‚¥¬„™â Taylor series expansion  ́ ÷Ëß®–‰¥â°≈à“«∂÷ß„πÀ—«¢âÕ

6 ·≈– 7

2 °“√∑∫∑«π‡Õ° “√
«‘∏’ Least square ‰¥â∂Ÿ°π”‰ªª√–¬ÿ°µå„™â„π»“ µ√å

µà“ßÊ ¡“°¡“¬ °“√§”π«≥À“æ‘°—¥µ”·Àπàß¥â«¬¥“«‡∑’¬¡

GPS °Á‰¥â¡’°“√ª√–¬ÿ°µå„™âÀ≈—°°“√π’È (‡™àπ [1], [3]) «‘∏’

°“√ à«π¡“°®–¡’°“√ª√—∫ª√ÿß„Àâ¡’§ÿ≥ ¡∫—µ‘„π·ßà¡ÿ¡„¥·ßà

¡ÿ¡Àπ÷Ëß∑’Ë¥’¢÷Èπ‚¥¬„™â‡∑§π‘§º ¡º “π (‡™àπ [3]) ‚¥¬

‡ªìπ∑’Ë∑√“∫°—π¥’«à“ °“√‡√’¬ßµ—«¢Õß¥“«‡∑’¬¡ (satellite

geometry) ¡’º≈µàÕ§«“¡ “¡“√∂„π°“√À“§”‡©≈¬ ·≈–

√–¥—∫¢Õß§«“¡∂Ÿ°µâÕß¢Õß§”‡©≈¬ [4] ÷́Ëßª°µ‘·≈â«®–

Õ“»—¬¥Ÿ®“°§à“ ç¥—™π’°“√°√–®“¬¢Õß§«“¡·¡àπ¬” (dilu-

tion of precision (DOP))é (‡™àπ [1], [4], [5]) ́ ÷Ëß§à“ DOP

µË”®–„Àâ§”‡©≈¬∑’Ë¥’°«à“§à“ DOP ¡“° Õ¬à“ß‰√°Á¥’§à“ DOP

π’È∑”„Àâ∑√“∫‡æ’¬ß«à“ √–∫∫°“√À“§”‡©≈¬¥’À√◊Õ‰¡à¥’ ·µà

¡Õß‰¡à‡ÀÁπ¿“æ∑’Ë™—¥‡®π«à“µ”·Àπàß¢Õß¥“«‡∑’¬¡‡√’¬ßµ—«

Õ¬à“ß‰√®÷ß¡’º≈µàÕ°“√À“§”‡©≈¬

ß“π»÷°…“π’È ∂÷ß·¡â®–‡ªìπ°“√»÷°…“æ◊Èπ∞“π (basic

study) ·µà°Á¡’§ÿ≥§à“∑’Ë ”§—≠‡π◊ËÕß®“°º≈°“√»÷°…“™à«¬„Àâ

‡ÀÁπ¿“æº≈°√–∑∫¢Õßµ”·Àπàß∑’Ë°”Àπ¥„Àâ∑’Ë¡’µàÕº≈§”

‡©≈¬∑’Ë‰¥â®“°°“√«‘‡§√“–ÀåÕ¬à“ß™—¥‡®π (‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫

°—∫§à“ DOP)  ∑—Èßπ’Èµ”·Àπàß∑’Ë°”Àπ¥„ÀâÕ“®‡ª√’¬∫‡∑’¬∫

‰¥â°—∫µ”·Àπàß¢Õß¥“«‡∑’¬¡ ·≈–µ”·Àπàß∑’ËµâÕß°“√À“

‡ªìπµ”·Àπàß¢ÕßºŸâ„™â∑’Ë√—∫ —≠≠“≥®“°¥“«‡∑’¬¡ ‚¥¬°“√

»÷°…“π’È¡ÿàß· ¥ß„π≈—°…≥– Õß¡‘µ‘

3 ‚ª√·°√¡ Mathcad
‚ª√·°√¡ Mathcad ∂◊Õ‡ªìπ‡§√◊ËÕß¡◊Õ∑’Ë„™â‡ªìπ

¡“µ√∞“π°“√§”π«≥ °“√∑”‡Õ° “√ ·≈–°“√·∫àßªíπ«‘∏’

°“√§”π«≥ ¡’ºŸâπ‘¬¡„™â‡ªìπ∑’Ë·æ√àÀ≈“¬ª√–°Õ∫¥â«¬

«‘»«°√·≈–π—°«‘∑¬“»“ µ√å∑—Ë«‚≈°‡°◊Õ∫ 2 ≈â“π§π ¡’

øíß°å™—Ëπµà“ßÊ (built-in function) ∑’Ë –¥«°µàÕ°“√„™â [6]
¡’§«“¡ “¡“√∂„π°“√· ¥ß ¡°“√·≈– —≠≈—°…≥åµà“ßÊ ‰¥â

Õ¬à“ß™—¥‡®π ∑”„Àâ°“√µ√«® Õ∫§«“¡∂Ÿ°µâÕßµà“ßÊ °√–∑”

‰¥â –¥«° √«¥‡√Á«   “¡“√∂∑”°“√§”π«≥∑—Èß·∫∫‡™‘ß

µ—«‡≈¢·≈–‡™‘ß —≠≈—°…≥å °“√· ¥ßº≈„π≈—°…≥–°√“ø

µà“ßÊ ∑”‰¥â∑—Èß 2 ·≈– 3 ¡‘µ‘ ‚ª√·°√¡ Mathcad ¡’ à«π

∑’Ë§≈â“¬°—∫°“√‡¢’¬π‚ª√·°√¡¿“…“Õ◊ËπÊ ∑’Ë ”§—≠°“√

‡√’¬π√Ÿâ‡æ◊ËÕ„™âß“π∑”‰¥âßà“¬ [7]

4 ‡∑§π‘§ Least Squares
‡∑§π‘§ Least Squares ª√–°Õ∫¥â«¬‡ß◊ËÕπ‰¢æ◊Èπ∞“π

∑’Ë ”§—≠ 2 ª√–°“√ ‰¥â·°à

°) º≈√«¡¢Õß ç‡»… (Residuals À√◊Õ V ) ¬°°”≈—ß

 Õß ¡’§à“πâÕ¬∑’Ë ÿ¥é ´÷Ëß‡ªìπ°“√ª√–¬ÿ°µåÀ≈—°°“√°√–®“¬

µ—«ª°µ‘ (normal distribution curve) π—Ëπ‡Õß „π°√≥’

 ”À√—∫¢âÕ¡Ÿ≈∑’Ë¡’πÈ”Àπ—°§«“¡πà“‡™◊ËÕ∂◊Õ‡∑à“°—π ®–‰¥â [1, 2]

(1)
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¢) °“√¡’®”π«π ¡°“√¡“°°«à“®”π«πµ—«·ª√ ´÷Ëß

‡∑§π‘§ Least Squares  “¡“√∂π”‡Õ“¢âÕ¡Ÿ≈∑ÿ°™ÿ¥∑’Ë¡’ „Àâ

¡’ à«π√à«¡„π°“√·°â√–∫∫ªí≠À“Õ¬à“ß¡’ª√– ‘∑∏‘¿“æ ‡æ◊ËÕ

„Àâ Õ¥§≈âÕß°—∫‡ß◊ËÕπ‰¢ °)

´÷Ëß¢âÕ¡Ÿ≈·∫∫®”≈Õß‡™‘ß‡√¢“§≥‘µ¢Õß ¡°“√‰¡à‡™‘ß‡ âπ

(geometrical non-linear math model)  “¡“√∂‡¢’¬π

„π√Ÿª‡¡µ√‘°‰¥â¥—ßπ’È

(2)(2)(2)(2)(2)

‚¥¬∑’Ë

‡¡◊ËÕ X
a

‡ªìπ§à“∑“ß∑ƒ…Æ’¢Õßµ—«·ª√ (theoretical

values of parameters)

X
0

‡ªìπ§à“‚¥¬ª√–¡“≥¢Õßµ—«·ª√ (approximate

values of parameters)

‡ªìπ§à“∑’Ë§”π«≥À“‰¥â®“°°“√ª√–¡“≥À√◊Õ

ª√—∫·°â (estimates or adjusted values of parameters)

L
a

‡ªìπ§à“∑“ß∑ƒ…Æ’¢Õß§à“∑’Ë —ß‡°µ (theoretical

values of observed quantities)

L
b

‡ªìπ§à“ —ß‡°µ∑’Ë‰¥â®“°°“√ —ß‡°µ (observed

values of observables)

L
0

‡ªìπ§à“ª√–¡“≥¢Õß§à“ —ß‡°µ∑’Ë‡°‘¥®“°°“√„™â

„π·∫∫®”≈Õß∑“ß§≥‘µ»“ µ√å∑’Ë°”≈—ßæ‘®“√≥“

A ‡ªìπ —¡ª√– ‘∑∏‘Ï§à“∑’Ë —ß‡°µ (observed

coefficients)

L ‡ªì π§«“¡·µ°µà “ ß∑’Ë ‰ ¥â ® “°°“√ — ß ‡ °µ

(observed values)

m = ®”π«π ¡°“√ (number of equations)

n = ®”π«πµ—«·ª√ (number of unknowns)

d = ®”π«π√–¥—∫§«“¡Õ‘ √– (number of

degrees of freedom) = m - n

(3)

§à“ X („π°√≥’¢Õß Linearized least squares)  “¡“√∂

À“‰¥â®“°

(4)

‚¥¬∑’Ë P ‡ªìπ weighted matrix ÷́Ëß®–¡’§à“‡ªìπ Identity

matrix ∂â“¢âÕ¡Ÿ≈∑ÿ°µ—«¡’πÈ”Àπ—°‡∑à“°—π  ·≈–§à“‡∫’Ë¬ß‡∫π

¡“µ√∞“π (standard deviation À√◊Õ S
O
) ¢Õß unit weight

(‰¡à¡’Àπà«¬)  “¡“√∂§”π«≥‰¥â®“°

(5)

‚¥¬∑’Ë V = AX -L (®“° ¡°“√ (2))

5. ¢âÕ¥’∑’Ë‡ªìπª√–‚¬™πå ·≈–¢âÕ®”°—¥¢Õß
Least-Squares
ª√–‚¬™πå∑’Ë‡ÀÁπ‰¥â™—¥¢Õß‡∑§π‘§ Least Squares ¡’¥—ßπ’È

1. ®“°°“√ —ß‡°µ∑’ËÀ≈“°À≈“¬·≈–º≈°“√§”π«≥ ∑”„Àâ

§à“∑’Ë‡À¡“– ¡∑’Ë ÿ¥ (Probable values) §◊Õ ¥’°«à“§à“∑’Ë‰¥â

®“°°“√ —ß‡°µ‡æ’¬ß§à“‡¥’¬«

2. ‡∑§π‘§ Least Squares „Àâ§«“¡·¡àπ¬” (preci-

sions) ¢Õß§à“µà“ßÊ ∑’Ë∑”°“√ª√—∫·°â

3. ‡∑§π‘§ Least Squares ™à«¬‡ªî¥‡º¬„Àâ‡ÀÁπ§«“¡

º‘¥ª°µ‘¢Õß¢âÕ¡Ÿ≈ ‡™àπ „π°√≥’∑’Ë¡’§«“¡º‘¥æ≈“¥¢π“¥„À≠à

(blunders) À√◊Õ§«“¡æ≈—Èß‡º≈Õ (mistakes) ∑’Ë√«¡‡√’¬°

«à“ outliers º ¡√«¡Õ¬Ÿà ®–∑”„Àâ “¡“√∂¢®—¥¢âÕ¡Ÿ≈∑’Ë‰¡à¥’

∑‘Èß‰ª ·≈â«®÷ß∑”°“√«‘‡§√“–Àå„À¡à
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∂÷ß·¡â‡∑§π‘§ Least Squares ®–™à«¬„Àâ‡ÀÁπ outliers

·µàµ—«√–∫∫ Least Squares °≈—∫¢“¥§«“¡·°√àß (non-

robust) ´÷Ëßπ—∫‡ªìπ¢âÕ®”°—¥ ‚¥¬‡©æ“–‡¡◊ËÕ°“√°√–®“¬

µ—«¢Õß outliers ¡’≈—°…≥–‡¢« (skew distribution) ∑”„Àâ

§”‡©≈¬∑’Ëª√–¡“≥‰¥âº‘¥‰ª¡“° ´÷Ëß®–¡’º≈°√–∑∫¡“°„π

°√≥’∑’Ë∑”°“√«‘‡§√“–ÀåµàÕ‡π◊ËÕß ‡æ√“–∑”„Àâ√–∫∫¡’

ª√– ‘∑∏‘¿“æ≈¥≈ß·≈–≈Ÿà‡¢â“ Ÿà§”‡©≈¬‰¥â™â“  ∑—Èßπ’È„π°“√

»÷°…“π’È‰¡àæ‘®“√≥“°√≥’π’È

6. Taylor Series „π°“√®—¥°“√ ¡°“√‰¡à‡™‘ß
‡ âπ
Taylor series ‡ªìπ°“√°√–®“¬øíß°å™—Ëπ Non-linear √Õ∫

®ÿ¥  ”À√—∫ Taylor series [8] „πÀπ÷Ëß¡‘µ‘ (One dimen-

sional) ‡ªìπ°“√°√–®“¬¢Õß real function f(x) √Õ∫®ÿ¥∑’Ë

x = a π—Ëπ§◊Õ

(6)

„π°√≥’∑’Ë a = 0 °“√°√–®“¬øíß°å™—Ëππ’È®–‡√’¬°

Maclaurin series (real function ®–¡’™à«ßÕ¬Ÿà„π real

number ∫“ß§√—Èß‡√’¬° real-valued function)

7. Least Squares ‚¥¬∑”„Àâ‡ªìπ‡™‘ß‡ âπ
(Linearized Least Squared)
∂â“æ‘®“√≥“„πÀ“µ”·Àπàß„π√–∫∫ Õß¡‘µ‘ ‚¥¬ ¡¡µ‘

‡ªìπ°“√À“µ”·Àπàß (x, y) ®“°µ”·Àπàß∑’Ë°”Àπ¥„Àâ (Xi ,

Yi) (‡™àπ µ”·Àπàß¢Õß√–∫∫¥“«‡∑’¬¡) ´÷Ëß√–¬–∑“ß

√–À«à“ß®ÿ¥ 2 ®ÿ¥ (µ”·Àπàß∑’ËµâÕß°“√À“·≈–µ”·Àπàß

¥“«‡∑’¬¡∑’Ë°”Àπ¥„Àâ)  “¡“√∂À“‰¥â®“°

(7)

‡¡◊ËÕ

(8)

‡ªìπ√–¬– Euclidean distance ´÷Ëß‡ªìπ√–¬–µ√ß√–À«à“ß

 Õß®ÿ¥ ·≈– cdt ‡ªìπ§à“§«“¡º‘¥æ≈“¥∑’Ë‡°‘¥¢÷Èπ ∑—Èßπ’È

 ¡¡µ‘«à“ §«“¡º‘¥æ≈“¥π’È¡’¢π“¥‡∑à“°—π„π∑ÿ°√–¬– Di ∑’Ë

 —ß‡°µ‰¥â

‚¥¬∑’ËºŸâ∑¥ Õ∫∑√“∫√–¬– Di ·≈–µ”·Àπàßæ‘°—¥¢Õß

¥“«‡∑’¬¡ i (i=1, 2...,n) ‡ªìπ (Xi , Yi) ∑—Èßπ’È §à“∑’ËµâÕß°“√

À“§◊Õµ”·Àπàß (x, y) √«¡∑—ÈßÀ“§à“§«“¡º‘¥æ≈“¥¢Õß√–∫∫

cdt ¥—ßπ—Èπ√–∫∫®÷ß¡’µ—«·ª√ 3 µ—« (x, y, cdt) ‡æ◊ËÕ·°â

ªí≠À“¢Õß√–∫∫®÷ßµâÕß°“√Õ¬à“ßπâÕ¬ “¡ ¡°“√ (n ≥ 3)

[∂â“‡ªìπ√–∫∫ 3 ¡‘µ‘ ®–¡’ 4 µ—«·ª√ (x, y, z cdt)

®÷ßµâÕß°“√Õ¬à“ßπâÕ¬ 4  ¡°“√ ®“°¥“«‡∑’¬¡ 4 ¥«ß]

°àÕπÕ◊ËπµâÕß∑”°“√·ª≈ß à«π∑’Ë‡ªìπ‰¡à‡™‘ß‡ âπ (non-

linear) di „Àâ‡ªìπ‡™‘ß‡ âπ ‚¥¬Õ“»—¬ Taylor series (®–

æ‘®“√≥“≈”¥—∫·√°‡æ’¬ß à«π‡¥’¬« (Õπÿæ—π∏å·√°) ·≈–µ—¥

 à«π∂—¥‰ª∑‘Èß (neglect higher-order term)) ®“° ¡°“√

(6) ®–‰¥â«à“

(9)

‡¡◊ËÕ (x
0
, y

0
) ‡ªìπæ‘°—¥ ¡¡µ‘‚¥¬ª√–¡“≥¢Õßµ”·Àπàß∑’Ë

°”≈—ßæ‘®“√≥“À“Õ¬Ÿà  ¢Õ„Àâæ‘®“√≥“ partial derivatives

·µà≈– à«π

(10)
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°“√°√–®“¬√Õ∫®ÿ¥ (x
0
, y

0
) ·∑π§à“ à«πµà“ßÊ ®–‰¥â

(11)

variables ·≈–¡’°“√π”‡Õ“ built-in function ¡“„™â„Àâ

‡°‘¥ª√–‚¬™πå

„π°“√«‘‡§√“–ÀåÀ“µ”·Àπàß ®–µâÕß√Ÿâ¢âÕ¡Ÿ≈æ‘°—¥

µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ æ√âÕ¡°—∫√Ÿâ√–¬–∑“ß∂÷ß®ÿ¥∑’Ë

µâÕß°“√À“ ‡æ◊ËÕ§«“¡ –¥«°„π°“√‡ª√’¬∫‡∑’¬∫°—∫§”‡©≈¬

‚ª√·°√¡®÷ß°”Àπ¥«à“  ¡¡µ‘«à“√Ÿâµ”·Àπàß∑’ËµâÕß°“√À“

‡¡◊ËÕµ”·Àπàß®ÿ¥∑’Ë°”Àπ¥„Àâ °Á®– “¡“√∂√Ÿâ√–¬–√–À«à“ß

®ÿ¥∑’Ë°”Àπ¥„Àâ·≈–®ÿ¥∑’ËµâÕß°“√À“

„π°“√æ‘®“√≥“π’È°”Àπ¥„Àâ¡’®ÿ¥∑’Ë°”Àπ¥„Àâ 4 ®ÿ¥ ·≈–

‰¥â°”Àπ¥„Àâ§«“¡º‘¥æ≈“¥√–À«à“ß®ÿ¥∑’Ë°”Àπ¥„Àâ·≈–®ÿ¥

∑’ËµâÕß°“√À“‡ªìπµ—«·ª√ cdt ´÷Ëß§«“¡º‘¥æ≈“¥π’È ·∫àß‰¥â

‡ªìπ Õß°√≥’ °√≥’·√° ‰¡à¡’§«“¡º‘¥æ≈“¥ ´÷Ëß· ¥ß«à“

√–∫∫¡’§«“¡ ¡∫Ÿ√≥å¡“° ®÷ß¡’§à“§«“¡º‘¥æ≈“¥‡ªìπ»Ÿπ¬å

°√≥’∑’Ë Õß¡’§«“¡º‘¥æ≈“¥ ÿà¡ ‚¥¬„™â built-in function

çrnd(k)é ́ ÷Ëß®–„Àâ§à“ ÿà¡∑’Ë°√–®“¬ ¡Ë”‡ ¡Õ√–À«à“ß»Ÿπ¬å·≈–

k „π§«“¡‡ªìπ®√‘ß§à“§«“¡º‘¥æ≈“¥π’È¡’·π«‚πâ¡‡ª≈’Ë¬π

·ª≈ßµ“¡‡«≈“ ∂â“√–∫∫¡’‡ ∂’¬√¿“æ§à“§«“¡º‘¥æ≈“¥

¢Õß√–∫∫Õ“®·ª√º—π‡™‘ß‡ âπµ“¡‡«≈“∑’Ë‡ª≈’Ë¬π‰ª ÷́Ëß§à“

§«“¡º‘¥æ≈“¥Õ“®‡°‘¥®“° “‡Àµÿµà“ßÊ ‡™àπ √–∫∫°“√®—∫

‡«≈“ (clock error) ∑’Ë —≠≠“≥‡¥‘π∑“ß¡“¬—ß‡§√◊ËÕß√—∫∑’Ë

‰¡à‡∑’Ë¬ßµ√ß §«“¡Àπà«ß¢ÕßŒ“√å¥·«√å√–∫∫«ß®√¢Õß

‡§√◊ËÕß√—∫ (hardware delay) À√◊Õ Õ“®‡°‘¥®“° “‡Àµÿ

Õ◊ËπÊ (random error) Õ¬à“ß‰√°Áµ“¡§à“§«“¡º‘¥æ≈“¥π’È

®–¡’¢π“¥‡∑à“°—π„π∑ÿ°§à“∑’Ë‰¥â®“°°“√ —ß‡°µ∑’Ë®—ßÀ«–‡«≈“

(epoch) ‡¥’¬«°—π (‚¥¬‰¡àæ‘®“√≥“º≈°√–∑∫‡π◊ËÕß®“° À«‘∂’

(multipath) Õ—π‡°‘¥®“°°“√ –∑âÕπ¢Õß —≠≠“≥¿“¬„µâ

 ‘Ëß·«¥≈âÕ¡¢Õß®ÿ¥√—∫ —≠≠“≥)

‡¡◊ËÕ„™âæ‘°—¥‚¥¬ª√–¡“≥ (x
0
, y

0
) ®–‰¥â√–¬–‚¥¬

ª√–¡“≥®“°¥“«‡∑’¬¡∂÷ß®ÿ¥∑’ËÀ“µ”·Àπàß

(12)

·≈–®“° (7) ®–‰¥â

 “¡“√∂®—¥√Ÿª ¡°“√„À¡à‰¥â‡ªìπ

(13)

‚¥¬∑’Ë

®–‰¥â

∑—Èßπ’È‡¡µ√‘° A ®–¡’®”π«π·∂«‡∑à“°—∫®”π«π®ÿ¥∑’Ë°”Àπ¥

„Àâ n ·≈–¡’µ—«·ª√

8. °“√ √â“ß‚ª√·°√¡„π·ºàπß“π Mathcad
„π°“√§”π«≥√Ÿª‡¡µ√‘° ®”‡ªìπµâÕß°”Àπ¥¡‘µ‘‡√‘Ë¡·√°

(ORIGIN) ‡æ◊ËÕ„Àâ –¥«°µàÕ°“√„™â ‚ª√·°√¡∑’Ë‡¢’¬π®÷ß‰¥â

‡ª≈’Ë¬π§à“‡√‘Ë¡∑’Ëµ—Èß‰«â®“° (0,0) ‡ªìπ (1,1) °“√°”Àπ¥™◊ËÕ

µ—«·ª√µà“ßÊ π—Èπ µ—«Õ—°…√µ—«„À≠à®–∂Ÿ°µ’§«“¡À¡“¬µà“ß

‰ª®“°µ—«Õ—°…√µ—«‡≈Á° πÕ°®“°π—Èπ Mathcad ¬—ß·¬°

§«“¡·µ°µà“ß√–À«à“ß global variables ·≈– local

·≈– ®–‰¥â
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√Ÿª∑’Ë 1  ‚ª√·°√¡∑’Ë‡¢’¬π¢÷Èπ„π Mathcad Worksheet ‡æ◊ËÕ„™â‡ªìπ‡§√◊ËÕß¡◊Õ„π°“√»÷°…“
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®“°√Ÿª∑’Ë 1 øíß°å™—Ëπ«‘‡§√“–Àå Result(x
0
,y

0
,err) „™â

¢âÕ¡Ÿ≈‡«§‡µÕ√å Dis ´÷Ëß‡ªìπ√–¬–√–À«à“ß®ÿ¥∑’Ë°”Àπ¥·≈–

®ÿ¥∑’ËµâÕß°“√À“ ‚¥¬¡’ ¡¡µ‘®ÿ¥‡√‘Ë¡µâπ°“√«‘‡§√“–Àå∑’Ë (x
0
,y

0
)

·≈– err ‡ªìπ™à«ß∑’Ë∑”„Àâ‡°‘¥§«“¡º‘¥æ≈“¥¥—ß∑’Ë‰¥â°≈à“«

¡“·≈â« °“√‡¢’¬π‚ª√·°√¡‡ªìπ‰ªµ“¡·∫∫®”≈Õßµà“ßÊ

∑“ß§≥‘µ»“ µ√å∑’Ë‰¥â°≈à“«‰ª°àÕπÀπâ“π’È °“√»÷°…“π’È°”Àπ¥

„Àâ‚ª√·°√¡«π√Õ∫ (iterations) ®”π«π 5 §√—Èß ∑—Èßπ’È

 “¡“√∂·°âµ—«‡≈¢°“√«π√Õ∫‰¥â °“√§”π«≥„π à«π¢Õß

Linearized Least Squares ‚¥¬„™â§à“∑’Ë§”π«≥ ‰¥â (x
0
,y

0
)

π”‰ª§”π«≥„À¡à º≈°“√«‘‡§√“–Àåª√–°Õ∫¥â«¬‡«§‡µÕ√å

µ—«·ª√ (x, y, cdt) ·≈–‡«§‡µÕ√å‡»… (residuals) V ´÷Ëß

‡ªìπº≈µà“ß√–À«à“ß§à“ —ß‡°µ·≈–§à“∑’ËÀ“‰¥â®“°°“√

«‘‡§√“–Àåª√—∫·°â®“°§à“∑’Ë§”π«≥‰¥â®“°°“√«π√Õ∫ ÿ¥∑â“¬

(‚ª√·°√¡∑’Ë‡¢’¬π¢÷Èπ “¡“√∂µ‘¥µàÕ¢Õ√—∫‰¥â∑’ËºŸâ »÷°…“ µ“¡

∑’ËÕ¬Ÿà¢â“ßµâπ)

9. °“√ª√–‡¡‘π‡™‘ßµ—«‡≈¢ (Numerical
evaluation)
„π°“√»÷°…“π’È ‰¥â∑”°“√ª√–‡¡‘π‡™‘ßµ—«‡≈¢„π 6 ≈—°…≥–

‚¥¬∑ÿ°≈—°…≥–¡’µ”·Àπàß∑’Ë°”Àπ¥„Àâ 4 ®ÿ¥‡∑à“°—π ®“°°“√

«‘‡§√“–Àå‚¥¬„™â‚ª√·°√¡∑’Ë‡¢’¬π¢÷Èπ∑”„Àâ —ß‡°µ¢âÕ¥’¢âÕ‡ ’¬

¢Õß°“√°√–®“¬¢Õßµ”·Àπàß∑’Ë°”Àπ¥„Àâ∑’Ë¡’µàÕº≈

°“√«‘‡§√“–Àå ∑—Èßπ’È æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ ‡ªìπ

·∫∫‰¡à‡®“–®ß (arbitrary chosen) ·µà∑—Èßπ’È‰¥â°”Àπ¥„Àâ

§à“æ‘°—¥‡©≈¬Õ¬Ÿà∑’Ë (100, 50)

9.1 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®“¬Õ¬à“ß
 ¡Ë”‡ ¡Õ∫πø“°‡¥’¬«°—π
„π°√≥’‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ¡’°“√°√–®“¬

 ¡Ë”‡ ¡Õ∫π¥â“π‡¥’¬«°—π (‡™àπ ¥â“π∫π¢Õß®ÿ¥∑’ËµâÕß°“√

À“) ‚¥¬¡’æ‘°—¥·≈–√–¬–∑“ß¥—ß√Ÿª∑’Ë 1 ·≈–· ¥ß·ºπº—ß

¢Õßµ”·Àπàß„π√Ÿª∑’Ë 2 ∑—Èßπ’È¢Õ¬È”«à“√–¬–∑“ß®“°®ÿ¥∑’Ë

°”Àπ¥„Àâ∂÷ß®ÿ¥∑’ËµâÕß°“√À“„πµ“√“ß¬—ß‰¡à√«¡§à“§«“¡

º‘¥æ≈“¥∑’ËÕ“®®–‡°‘¥¢÷Èπ

√Ÿª∑’Ë 2  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (X 
i
, Y 

i
) ·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“
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√Ÿª∑’Ë 3  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (®ÿ¥ ’Ë‡À≈’Ë¬¡)

´÷Ëß°√–®“¬Õ¬Ÿà¥â“π∫π¢Õß®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)

√Ÿª∑’Ë 4  º≈°“√«‘‡§√“–Àåøíß°å™—Ëπ Result (x
0
, y

0
, err)
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√Ÿª∑’Ë 4 · ¥ßº≈°“√«‘‡§√“–Àå¥—ß· ¥ß ‚¥¬„™â§à“‡√‘Ë¡µâπ

(x
0
, y

0
) ∑’Ë·µ°µà“ß°—π‰ª ‚¥¬‡¡◊ËÕ§à“‡√‘Ë¡µâπ¡’§à“„°≈â§à“‡©≈¬

(x
a
, y

a
)  ¡“°°«à“ ®–„™â°“√«π√Õ∫ Least Squares ‡æ’¬ß

2-3 √Õ∫„π°“√≈Ÿà‡¢â“ Ÿà (converge) §à“‡©≈¬ ¢≥–∑’Ë∂â“„™â

§à“‡√‘Ë¡µâπÀà“ß®“°§à“‡©≈¬¡“° ®–«π√Õ∫π“π°«à“‡ªìπ

4-5 √Õ∫ ·≈–‡ªìπ∑’Ëπà“ —ß‡°µ«à“„π à«π∑’Ë¡’°“√‡æ‘Ë¡§à“

§«“¡º‘¥æ≈“¥‡¢â“‰ª„π√–¬–∑“ß√–À«à“ß®ÿ¥∑’Ë°”Àπ¥„Àâ

∂÷ß®ÿ¥∑’ËµâÕß°“√À“  ‡™àπ  Result(0,0,1), Result(50,50,1)

·≈– Result(100,100,1) §”‡©≈¬≈Ÿà‡¢â“ Ÿà (x
a
, y

a
) ∑’Ë§à“

‡¥’¬«°—π ·µà≈Ÿà‡¢â“ Ÿà cdt §π≈–§à“°—π ∑’Ë‡ªìπ‡™àππ—Èπ‡æ√“–

„π·µà≈–§√—Èß∑’Ë‡√’¬°øíß°å™—Ëπ rnd(err) ®–„Àâ§à“∑’Ë·µ°µà“ß°—π‰ª

 àßº≈„Àâ√–¬–∑“ß√–À«à“ß®ÿ¥∑’Ë°”Àπ¥„Àâ∂÷ß®ÿ¥∑’ËµâÕß°“√

À“¡’§«“¡º‘¥æ≈“¥‡π◊ËÕß®“° cdt ¡“°∫â“ßπâÕ¬¡“° ·≈–

„Àâº≈°“√«‘‡§√“–Àå¥—ß∑’Ë‡ÀÁπ πÕ°®“°π—Èπ®“°°“√‡ª√’¬∫‡∑’¬∫

Result(0,0,1) °—∫ Result(0,0,0), Result(50,50,1) °—∫

Result(50,50,0) ·≈– Result(100,100,1) °—∫

Result(100,100,0) ®–æ∫«à“„Àâ§à“æ‘°—¥‡©≈¬∑’Ë‡À¡◊Õπ°—π

„π≈”¥—∫°“√«π√Õ∫‡¥’¬« ·≈–§«“¡º‘¥æ≈“¥‰¡à¡’º≈µàÕ

æ‘°—¥‡©≈¬ ·≈–∂â“ —ß‡°µ‡»… V ´÷Ëß‡ªìπ‡«§‡µÕ√å ÿ¥∑â“¬°Á

®–æ∫«à“¡’¢π“¥‡¥’¬«°—π¥â«¬‡™àπ°—π ®“°º≈¥—ß°≈à“«´÷Ëß‰¥â

· ¥ß„Àâ‡ÀÁπ«à“§«“¡º‘¥æ≈“¥‰¡à¡’º≈µàÕ°“√«‘‡§√“–Àå ¥—ßπ—Èπ

µ—«Õ¬à“ß°“√»÷°…“µàÕ‰ª®÷ßæ‘®“√≥“‡©æ“–°√≥’¡’§«“¡º‘¥

æ≈“¥ ÿà¡∑’Ë¡“°°«à“»Ÿπ¬å

9.2 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®“¬Õ¬à“ß
 ¡Ë”‡ ¡Õ√Õ∫®ÿ¥∑’ËµâÕß°“√À“
„π°√≥’ ¡¡µ‘«à“®ÿ¥∑’Ë°”Àπ¥„Àâ°√–®“¬√Õ∫®ÿ¥∑’Ë

µâÕß°“√À“ ¥—ß√Ÿª∑’Ë 6 ·≈–¡’æ‘°—¥·≈–√–¬–¥—ß√Ÿª∑’Ë 5

ˆ ˆ

√Ÿª∑’Ë 5  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ ·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

√Ÿª∑’Ë 6  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (®ÿ¥ ’Ë‡À≈’Ë¬¡)

´÷Ëß°√–®“¬ ¡Ë”‡ ¡Õ√Õ∫®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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√Ÿª∑’Ë 7  º≈°“√«‘‡§√“–Àå‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®“¬ ¡Ë”‡ ¡Õ
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®“°º≈°“√«‘‡§√“–Àå„π√Ÿª∑’Ë 7 æ∫«à“„π∑ÿ°°√≥’ º≈≈—æ∏å

≈Ÿà‡¢â“ Ÿà§”‡©≈¬Õ¬à“ß√«¥‡√Á«‚¥¬„™â°“√«π√Õ∫„π Least

Squares ‡æ’¬ß 2 √Õ∫‡∑à“π—Èπ Õ—π®–‡ÀÁπ‰¥â«à“º≈¢Õß°“√

°√–®“¬µ—«¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ¡’º≈Õ¬à“ß¬‘ËßµàÕ§«“¡‡√Á«„π

°“√≈Ÿà Ÿà§”‡©≈¬ ·≈–®–‡ÀÁπ‰¥â«à“§«“¡º‘¥„π√–¬–∑“ß®“°

®ÿ¥∑’Ë°”Àπ¥∂÷ß®ÿ¥∑’ËµâÕß°“√À“ ‰¡à¡’º≈µàÕ§«“¡ “¡“√∂∑’Ë

√«¥‡√Á«„π°“√≈Ÿà‡¢â“ Ÿà§à“‡©≈¬

9.3 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®ÿ°µ—«Õ¬Ÿà„°≈â°—π
°“√»÷°…“π’È‰¥â∑¥≈ÕßµàÕ‰ª„π°√≥’∑’Ë®ÿ¥∑’Ë°”Àπ¥

„Àâ¡’æ‘°—¥∑’Ë„°≈â°—π¡“° ¥—ß√Ÿª∑’Ë 8 ·≈– 9 ‚¥¬¡’º≈°“√

«‘‡§√“–Àå¥—ß√Ÿª∑’Ë 10

√Ÿª∑’Ë 8  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (X 
i
, Y 

i
) ∑’Ë§àÕπ¢â“ß°√–®ÿ°µ—« ·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

 

√Ÿª∑’Ë 9  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (®ÿ¥ ’Ë‡À≈’Ë¬¡) ¡’≈—°…≥–°√–®ÿ°µ—« ·≈–®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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º≈°“√«‘‡§√“–Àåπ’È‡ªìπ∑’Ëπà“ π„®·µàÕ“®‰¡à‡ªìπ∑’Ëπà“

·ª≈°„® ∑—Èßπ’È¥â«¬‡Àµÿ«à“ °“√∑’Ëµ”·Àπàß∑’Ë°”Àπ¥„Àâ

°√–®ÿ°µ—« (clustered)  àßº≈„Àâ ¡°“√ —ß‡°µ°“√≥å

(observation model) ∑’Ë‡°‘¥®“°®ÿ¥∑’ËµâÕß°“√À“·≈–®ÿ¥

∑’Ë°”Àπ¥„Àâ ∑”„Àâ‡°◊Õ∫®–‡ªìπ ¡°“√‡¥’¬«°—π  àßº≈„Àâ‰¡à

 “¡“√∂·°â ¡°“√ Õ—π‡ªìπº≈¡“®“°°“√∑’Ë‰¡à “¡“√∂À“

Õ‘π‡«Õ√å ‰¥â ‡ªìπº≈µàÕ‡π◊ËÕß®“°°“√∑’Ë‰¡à “¡“√∂À“

¥’‡∑Õ√å¡‘·ππ∑å (determinant) ‰¥â ‡æ√“–‡ªìπ singular

matrix

     Õ¬à“ß‰√°Áµ“¡ ‡¡◊ËÕ∑¥≈Õß„™â§à“‡√‘Ë¡µâπ (x
0
, y

0
) ∑’Ë·µ°

µà“ß°—π æ∫«à“ §à“‡√‘Ë¡µâπ∑’Ë‡¢â“„°≈â§à“æ‘°—¥‡©≈¬  “¡“√∂

§”π«≥µàÕ·≈–„Àâº≈≈—æ∏å¥—ß∑’Ë· ¥ß„π√Ÿª „π∑“ß°≈—∫°—π

‡¡◊ËÕ∑¥≈Õß„™â§à“‡√‘Ë¡µâπ∑’Ë‡¢â“‰°≈®“°§à“æ‘°—¥‡©≈¬ º≈≈—æ∏å

®–≈ŸàÕÕ° (diverge) À√◊Õ‰¡à “¡“√∂À“§”µÕ∫‰¥â

√Ÿª∑’Ë 10 º≈°“√«‘‡§√“–Àå‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®ÿ°µ—«Õ¬Ÿà„°≈â°—π
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     ®“°º≈°“√∑¥≈Õß‡ªìπ∑’Ëπà“ π„®«à“ ‡¡◊ËÕ„™â§à“‡√‘Ë¡µâπ∑’Ë

(100,100)  “¡“√∂À“º≈≈—æ∏å‰¥â ¢≥–∑’Ë„™â§à“‡√‘Ë¡µâπ (50,

50) °≈—∫‰¡à “¡“√∂À“º≈≈—æ∏å‰¥â ∑—Èßπ’È‡ªìπ‡æ√“–„π°√≥’π’È

Õ—π —ß‡°µ‰¥â®“°µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ«à“¡’√–¬–Àà“ß

®“°®ÿ¥∑’ËµâÕß°“√À“ ‚¥¬Àà“ß∑“ß x πâÕ¬°«à“ y ¡“° ¥—ßπ—Èπ

¥â“π x ®÷ßÕàÕπ‰À«°«à“ y ·≈–∑”„Àâ¡’º≈µàÕ°“√«‘‡§√“–Àå

¥—ß°≈à“«

9.4 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ¡’≈—°…≥–°√–®“¬
‰¡à ¡Ë”‡ ¡Õ
„π°√≥’π’È‡ªìπ°“√∑¥≈Õß»÷°…“º≈°√–∑∫∑’Ë¡’µàÕ

≈—°…≥–∑’Ë®ÿ¥∑’Ë°”Àπ¥„Àâ¡’°“√°√–®“¬µ—«∑’Ë‰¡à ¡Ë”‡ ¡Õ

´÷Ëß “¡“√∂ —ß‡°µ‰¥âßà“¬®“°√–¬–∑“ß Dis ∑’Ë·µ°µà“ß°—π

¥—ß√Ÿª∑’Ë 11

 

√Ÿª∑’Ë 11  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (X 
i
, Y 

i
) ∑’Ë°√–®“¬µ—«‰¡à ¡Ë”‡ ¡Õ ·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

√Ÿª∑’Ë 12  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë°√–®“¬µ—«‰¡à ¡Ë”‡ ¡Õ (®ÿ¥ ’Ë‡À≈’Ë¬¡ 4 ®ÿ¥)

·≈–®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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√Ÿª∑’Ë 13  º≈°“√«‘‡§√“–Àå‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ°√–®“¬µ—«‰¡à ¡Ë”‡ ¡Õ
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®“°º≈°“√«‘‡§√“–Àå ‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫°—∫°√≥’∑’Ë®ÿ¥∑’Ë

°”Àπ¥„Àâ°√–®“¬µ—« ¡Ë”‡ ¡Õ æ∫«à“ ‡¡◊ËÕµ”·Àπàß∑’Ë

°”Àπ¥„Àâ°√–®“¬µ—«‰¡à ¡Ë”‡ ¡Õ º≈≈—æ∏å®–≈Ÿà‡¢â“ Ÿàæ‘°—¥

‡©≈¬™â“≈ßª√–¡“≥ 1-2 √Õ∫¢Õß°“√«π√Õ∫  Õ¬à“ß‰√°Á¥’

‡¡◊ËÕ —ß‡°µº≈°“√«‘‡§√“–Àåæ∫«à“√–∫∫¡’§«“¡ÕàÕπ‰À«∑“ß

x ·≈– y æÕÊ °—π ∑”„Àâ§«“¡ “¡“√∂„π°“√≈Ÿà‡¢â“ Ÿàæ‘°—¥

‡©≈¬„°≈â‡§’¬ß°—π Õ¬à“ß‰√°Áµ“¡µ—«Õ¬à“ß„π°√≥’π’È ¡’®ÿ¥

Àπ÷Ëß∑’ËÕ¬Ÿà„°≈âæ‘°—¥‡©≈¬¡“° ∑”„Àâ‡ ¡◊Õπ«à“¡’®ÿ¥∑’Ë°”Àπ¥

‡æ’¬ß 3 ®ÿ¥ ·∑π∑’Ë®–‡ªìπ 4 ®ÿ¥ πÕ°®“°π’È§à“‡√‘Ë¡µâπ∑’Ë

‰°≈®“°æ‘°—¥‡©≈¬¡“°®–∑”„Àâ ‡°‘¥°“√≈ŸàÕÕ°®π‰¡à

 “¡“√∂À“§”‡©≈¬∑’Ë∂Ÿ°µâÕß‰¥â

9.5 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ßµ—«Õ¬Ÿà„π·π«
‡ âπµ√ß‡¥’¬«°—∫®ÿ¥∑’ËµâÕß°“√À“
‡¡◊ËÕ∑¥≈Õß ÿà¡®—¥„Àâ®ÿ¥∑’Ë°”Àπ¥„Àâ°√–®“¬µ—«„π

·π«‡ âπµ√ß‡¥’¬«°—π°—∫®ÿ¥∑’ËµâÕß°“√À“ ‚¥¬¡’æ‘°—¥·≈–

√–¬–¥—ß· ¥ß„π√Ÿª∑’Ë 14 ·≈– 15

√Ÿª∑’Ë 14  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (X 
i
, Y 

i
) ∑’Ë°√–®“¬µ—«„π·π«‡ âπµ√ß‡¥’¬«°—∫®ÿ¥∑’ËµâÕß°“√À“

·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

 

√Ÿª∑’Ë 15  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë‡√’¬ßµ—«‡ªìπ·π«‡ âπµ√ß (®ÿ¥ ’Ë‡À≈’Ë¬¡ 4 ®ÿ¥)

·≈–®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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√Ÿª∑’Ë 16  º≈°“√§”π«≥‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ßµ—«Õ¬Ÿà„π·π«‡ âπµ√ß‡¥’¬«°—∫®ÿ¥∑’ËµâÕß°“√À“
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®“°º≈°“√«‘‡§√“–Àå¥—ß· ¥ß„π√Ÿª∑’Ë 16  ´÷Ëß‡ªìπ°√≥’

®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë‡√’¬ßµ—«‡ªìπ·π«‡ âπµ√ß‡¥’¬«°—∫®ÿ¥∑’Ë

µâÕß°“√À“ æ∫«à“ „™â§à“‡√‘Ë¡µâπ (x
0
, y

0
) ∑’ËÀà“ß‰°≈®“°

æ‘°—¥‡©≈¬¡“°¢÷Èπ °“√≈Ÿà‡¢â“ Ÿàæ‘°—¥‡©≈¬¡’·π«‚πâ¡∑’Ë®”‡ªìπ

µâÕß«π√Õ∫°“√§”π«≥¡“°¢÷Èπ‡ªìπ≈”¥—∫

9.6 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ß‡ªìπ√Ÿªµ—««’
‡¡◊ËÕ¡Õß®“°®ÿ¥∑’ËµâÕß°“√À“
‡¡◊ËÕ∑¥≈Õß ÿà¡®—¥„Àâ®ÿ¥∑’Ë°”Àπ¥„Àâ°√–®“¬µ—«„π

≈—°…≥–µ—««’ ‚¥¬¡’≈—°…≥– æ‘°—¥·≈–√–¬–¥—ß· ¥ß„π√Ÿª∑’Ë

17 ·≈– 18

√Ÿª∑’Ë 17  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ  (X 
i
, Y 

i
)  ∑’Ë°√–®“¬µ—«‡ªìπ√Ÿªµ—««’‡¡◊ËÕ¡Õß®“°®ÿ¥∑’ËµâÕß°“√À“

·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

√Ÿª∑’Ë 18  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë°√–®“¬µ—«‡ªìπ√Ÿªµ—««’ (®ÿ¥ ’Ë‡À≈’Ë¬¡ 4 ®ÿ¥)

·≈–®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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√Ÿª∑’Ë 19  º≈°“√«‘‡§√“–Àå‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ß‡ªìπ√Ÿªµ—««’‡¡◊ËÕ¡Õß®“°®ÿ¥∑’ËµâÕß°“√À“
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 ”À√—∫°√≥’‡¡◊ËÕ®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë®—¥µ—«‡ªìπ√Ÿªµ—««’ ‡¡◊ËÕ

„™â§à“ (x
0
, y

0
) ∑’ËÕ¬Ÿà™à«ßæ‘°—¥‡©≈¬ ´÷Ëß„™â°“√«π√Õ∫°“√

«‘‡§√“–Àåª√–¡“≥ 4-5 √Õ∫ °Á®– “¡“√∂≈Ÿà‡¢â“ Ÿàæ‘°—¥‡©≈¬‰¥â

´÷Ëß¡’º≈°“√«‘‡§√“–Àå¥—ß· ¥ß„π√Ÿª∑’Ë 19 ·µà‡¡◊ËÕ‡ª≈’Ë¬π„Àâ

æ‘°—¥‡√‘Ë¡µâπÀà“ßÕÕ°‰ª ‡™àπ Result(200,150,1) ·≈–

Result(200,200,1) æ∫«à“ √–∫∫‡¢â“ Ÿà¿“«– singularity

‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫°—∫°√≥’ 9.5 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ

‡√’¬ßµ—«Õ¬Ÿà„π·π«‡ âπµ√ß‡¥’¬«°—∫®ÿ¥∑’ËµâÕß°“√À“ æ∫«à“

‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ß‡ªìπ√Ÿªµ—««’‡¡◊ËÕ¡Õß®“°®ÿ¥

∑’ËµâÕß°“√À“ ∫“ß§√—Èß„Àâº≈∑’Ë·¬à°«à“ ∑”„ÀâµâÕß«π√Õ∫°“√

§”π«≥¡“°§√—Èß¢÷Èπ „π°“√≈Ÿà‡¢â“ Ÿàæ‘°—¥‡©≈¬ ·µà§à“ (x
0
, y

0
)

∫“ß§à“°Á„Àâ√–∫∫≈Ÿà‡¢â“ Ÿàæ‘°—¥‡©≈¬∑’Ë√«¥‡√Á«¢÷Èπ ∑—Èßπ’È¢÷ÈπÕ¬Ÿà

°—∫§«“¡ÕàÕπ‰À«¢Õß√–∫∫

9.7 ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ß‡ªìπ√Ÿª«ß°≈¡
√Õ∫®ÿ¥∑’ËµâÕß°“√À“
‡¡◊ËÕ∑¥≈Õß ÿà¡®—¥„Àâ®ÿ¥∑’Ë°”Àπ¥„Àâ°√–®“¬µ—«„π

≈—°…≥–«ß°≈¡ ‚¥¬¡’≈—°…≥– æ‘°—¥·≈–√–¬–¥—ß· ¥ß„π

√Ÿª∑’Ë 20 ·≈– 21 ∑—Èßπ’È‡æ◊ËÕ„Àâ°“√‡√’¬ßµ—«¡Õß‡ÀÁπ‰¥â‡ªìπ

√Ÿª«ß°≈¡ °√≥’π’È®÷ß‰¥â‡æ‘Ë¡®ÿ¥∑’Ë°”Àπ¥„ÀâÕ’°®ÿ¥Àπ÷Ëß ‚¥¬

¡’√–¬–®“°®ÿ¥∑’Ë°”Àπ¥„Àâ∂÷ß®ÿ¥∑’ËµâÕß°“√À“ª√–¡“≥ 60

Àπà«¬ (¢âÕ —ß‡°µ √Ÿª∑’Ë 21 ¡“µ√“ à«π∑“ß·°π¥‘Ëß —Èπ°«à“

∑“ß·°π√“∫ ∑”„Àâ¡Õß‡ÀÁπ„π≈—°…≥–«ß√’)

√Ÿª∑’Ë 20  æ‘°—¥µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ (X 
i
, Y 

i
) ∑’Ë°√–®“¬µ—«‡ªìπ√Ÿª«ß°≈¡‡¡◊ËÕ¡Õß®“°®ÿ¥∑’ËµâÕß°“√À“

·≈–√–¬–∂÷ß®ÿ¥∑’ËµâÕß°“√À“

√Ÿª∑’Ë 21  µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ∑’Ë°√–®“¬µ—«‡ªìπ√Ÿª«ß°≈¡ (®ÿ¥ ’Ë‡À≈’Ë¬¡ 5 ®ÿ¥)

√Õ∫®ÿ¥∑’ËµâÕß°“√À“ (®ÿ¥«ß°≈¡)
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®“°º≈°“√«‘‡§√“–Àå ∂÷ß·¡â®–‡æ‘Ë¡®ÿ¥∑’Ë°”Àπ¥„Àâ¡“°

¢÷ÈπÕ’°Àπ÷Ëß®ÿ¥ ‡¡◊ËÕ‡ª√’¬∫‡∑’¬∫°—∫°√≥’ 9.2 ‡¡◊ËÕµ”·Àπàß

∑’Ë°”Àπ¥„Àâ°√–®“¬Õ¬à“ß ¡Ë”‡ ¡Õ√Õ∫®ÿ¥∑’ËµâÕß°“√À“

æ∫«à“ ‡¡◊ËÕµ”·Àπàß∑’Ë°”Àπ¥„Àâ ‡√’¬ß‡ªìπ√Ÿª«ß°≈¡ °“√

«‘‡§√“–Àå¡’·π«‚πâ¡‡ªìπ singularity ∑”„Àâ‰¡à “¡“√∂À“

§”‡©≈¬‰¥â  ´÷Ëßπ—∫‡ªìπ¿“«–‰¡à¥’ (ill condition) Õ—π¡’

 “‡Àµÿ¡“®“° ¡°“√∑’Ë‰¥â¡’≈—°…≥–§≈â“¬°—π¡“°®π‡°◊Õ∫

®–‡ªìπ ¡°“√‡¥’¬«°—π ∑”„Àâ·°âªí≠À“‰¡à‰¥â ´÷Ëß· ¥ß„Àâ

‡ÀÁπ«à“·¡â®–¡’¢âÕ¡Ÿ≈‡æ‘Ë¡¢÷Èπ®“°°“√∑’Ë¡’®ÿ¥∑’Ë°”Àπ¥„Àâ‡æ‘Ë¡

‡µ‘¡®“°°√≥’Õ◊ËπÊ Õ’°Àπ÷Ëß®ÿ¥ °Á‰¡à‡ªìπª√–‚¬™πå„π°“√

«‘‡§√“–Àå

10.  √ÿªº≈°“√»÷°…“
°“√»÷°…“π’È‡ªìπ°“√»÷°…“«‘®—¬æ◊Èπ∞“π „π·ßà°“√

ª√–¬ÿ°µå„™â Linearized Least Squares ‚¥¬‡ª≈’Ë¬π à«π

∑’Ë‰¡à‡™‘ß‡ âπ „Àâ‡ªìπ‡™‘ß‡ âπ‚¥¬„™â Taylor series  ‡æ◊ËÕ

À“æ‘°—¥µ”·Àπàß®“°µ”·Àπàß∑’Ë°”Àπ¥„Àâ„π Õß¡‘µ‘ ‚¥¬

‰¥â∑¥≈Õßº≈°√–∑∫®“°µ”·Àπàß¢Õß®ÿ¥∑’Ë°”Àπ¥„Àâ „π

À°≈—°…≥– ÷́Ëß°√≥’®ÿ¥∑’Ë°”Àπ¥¡’æ‘°—¥µ”·Àπàß°√–®“¬

√Õ∫®ÿ¥∑’ËµâÕß°“√À“ ®–À“º≈≈—æ∏å‰¥â‡√Á«·≈–¡’§«“¡∂Ÿ°

µâÕß¡“° (´÷Ëß —ß‡°µ¥Ÿ‰¥â®“°§à“‡»…) ¢≥–∑’Ë°√≥’®ÿ¥∑’Ë

°”Àπ¥¡’æ‘°—¥µ”·Àπàß°√–®ÿ°µ—« ¡’ªí≠À“¡“°∑’Ë ÿ¥ ‡æ√“–

∂â“„™â§à“æ‘°—¥‡√‘Ë¡µâπ (x
0
, y

0
) Àà“ß®“°§”‡©≈¬¡“° ®–‰¡à
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 “¡“√∂À“æ‘°—¥¢Õß®ÿ¥∑’ËµâÕß°“√À“‰¥â‡≈¬ ‡æ√“– ¡°“√

 —ß‡°µ°“√≥å‡°◊Õ∫®–‡À¡◊Õπ°—π ∑”„Àâ°“√À“§à“æ‘°—¥‡©≈¬

≈”∫“°¬ÿàß¬“°¡“° ÷́Ëß°√≥’π’È Õ¥§≈âÕß°—∫º≈°“√

«‘‡§√“–Àå‡¡◊ËÕ®ÿ¥∑’Ë°”Àπ¥„Àâ‡√’¬ßµ—««ß°≈¡√Õ∫®ÿ¥∑’Ë

µâÕß°“√À“

 à«π°√≥’∑’Ë®ÿ¥∑’Ë°”Àπ¥¡’æ‘°—¥µ”·Àπàß°√–®“¬Õ¬Ÿà

¥â“π‡¥’¬«°—π °“√À“§à“æ‘°—¥‡©≈¬‰¡à¡’ªí≠À“„¥ ‡æ’¬ß·µà

µâÕß«π√Õ∫„π à«π Least Squares ®”π«π√Õ∫‡æ‘Ë¡¡“°

¢÷Èπ ‚¥¬¢÷ÈπÕ¬Ÿà°—∫°“√‡≈◊Õ°§à“æ‘°—¥‡√‘Ë¡µâπ

     °“√»÷°…“π’È “¡“√∂¢¬“¬‰ª Ÿà°“√»÷°…“„π “¡¡‘µ‘‰¥â

§≈â“¬°—π ‡æ’¬ß·µà‡æ‘Ë¡§«“¡¬ÿàß¬“° ‡™àπ °√≥’À“æ‘°—¥

µ”·Àπàß‚¥¬„™â¥“«‡∑’¬¡ GPS ´÷Ëß‡°‘¥¢÷Èπ„π‚≈° “¡¡‘µ‘

∑—Èßπ’ÈÕ“®¡’µ—«·ª√Õ◊Ëπ‡æ‘Ë¡¢÷Èπ¡“  ∑—Èßπ’È‚ª√·°√¡ Mathcad

∑’Ë‡¢’¬π¢÷Èπ “¡“√∂ª√—∫‡ª≈’Ë¬π‰¥âßà“¬ „Àâº≈°“√«‘‡§√“–Àå

‰¥â∑—π∑’·≈–√«¥‡√Á« ®÷ß‡ªìπ‡§√◊ËÕß¡◊Õ™à«¬°“√»÷°…“‰¥â‡ªìπ

Õ¬à“ß¥’
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