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°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ ‚¥¬¡’ 3 ªí®®—¬∑’Ëπ”¡“æ‘®“√≥“‰¥â·°à 1) °“√‡≈◊Õ°§à“‡√‘Ë¡µâπ
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¢Õß¢âÕ¡Ÿ≈„π∑’Ëπ’Èæ‘®“√≥“ 2 µ—«·∫∫§◊Õ Negative Exponential ·≈– Monomolecular ·≈– 3) ¢π“¥¢Õßµ—«Õ¬à“ß ∑’Ë
„™â„π°“√»÷°…“π’È ‰¥â·°àµ—«Õ¬à“ß¢π“¥ n=20 n=30 n=50 ·≈– n=100 µ“¡≈”¥—∫ º≈®“°°“√®”≈Õß ∂“π°“√≥åµà“ßÊ
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converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ·≈–®”π«π√Õ∫‡©≈’Ë¬∑’Ë converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å¢Õß«‘∏’ Gauss Newton, «‘∏’
Marquardt ·≈–«‘∏’ Newton „Àâº≈∑’Ë‰¡à·µ°µà“ß°—π§◊Õ ‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß‡æ‘Ë¡¡“°¢÷Èπ®–∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√
converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å‡æ‘Ë¡¡“°¢÷Èπ®π‡°◊Õ∫‡∑à“°—∫ 100  ‡ªÕ√å‡´Áπµå  ·≈– àßº≈„Àâ®”π«π√Õ∫‡©≈’Ë¬„π°“√ con-
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«‘∏’ Marquardt ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search ‚¥¬∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ·≈–
®”π«π√Õ∫‡©≈’Ë¬„π°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ‡∑à“°—∫ 100 ‡ªÕ√å‡´Áπµå ·≈– 39.58 √Õ∫ „πµ—«·∫∫ Negative
Exponential ·≈–‡∑à“°—∫ 98 ‡ªÕ√å‡´Áπµå ·≈– 47.98 √Õ∫ „πµ—«·∫∫ Monomolecular µ“¡≈”¥—∫

§” ”§—≠ : °“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ / ªí≠À“°“√≈Ÿà‡¢â“ / °“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å

1  π‘ ‘µª√‘≠≠“‡Õ°  ¿“§«‘™“ ∂‘µ‘  §≥–«‘∑¬“»“ µ√å
2  ºŸâ™à«¬»“ µ√“®“√¬å  ¿“§«‘™“ ∂‘µ‘  §≥–«‘∑¬“»“ µ√å



«“√ “√«‘®—¬·≈–æ—≤π“ ¡®∏. ªï∑’Ë 33 ©∫—∫∑’Ë 1 ¡°√“§¡ - ¡’π“§¡ 255314

1  Ph.D. (Statistics) Student, Department of Statistic, Faculty of Science.
2  Assistant Professor, Department of Statistic, Faculty of Science.

Unchalee Tonggumnead 
1
 and Lily Insrisawang 

2

Kasetsart University, Jatujuk, Bangkok 10903

Convergence Problem in Nonlinear Regression

for Parameter Estimation

The purpose of this research is to study three effective factors for convergence problem in nonlinear

regression parameter estimation : 1) choice of initial value, considering from : Fekedulegn
,
s method and

Grid Search, 2) distribution of data, considering from : Negative Exponential and Monomolecular and 3)

sample size : n =20 , n=30 , n=50  and n =100 respectively. Simulations was performed and repeated 500

times for each scenario. The result showed that in most situations, when the sample size increase from n=20

to n=100 Gauss Newton method, Marquardt and Newton method will make no difference in percent of

convergence to parameter and the number of average iteration, namely, when the sample size increase, it

will make percent of convergence to parameter increase almost 100 percent. In addition, when the sample

size increase from n=20 to n=100, choice of different initial value does not effect for convergence to

parameter. From this research the best method is Marquardt by using Grid Search. It make percent of

convergence to parameter and the number of average iteration equal to 100 percent and 39.58 iterations

in Negative Exponential model and equal to 98 percent and 47.98 iterations in Monomolecular model

respectively.

Keywords : Nonlinear Regression / Convergence Problem / Parameter Estimation
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1. ∫∑π”
°“√»÷°…“§«“¡ —¡æ—π∏å√–À«à“ßµ—«·ª√Õ‘ √–

(Regressor variable / predictor variable) X ·≈–µ—«·ª√
µ“¡ (response variable) Y ∑’Ë ”§—≠«‘∏’Àπ÷Ëß§◊Õ°“√
«‘‡§√“–Àå°“√∂¥∂Õ¬ (regression analysis) ÷́Ëßµ—«·∫∫
°“√∂¥∂Õ¬ “¡“√∂·∫àß‰¥â‡ªìπ 2 ª√–‡¿∑„À≠àÊ §◊Õ µ—«
·∫∫°“√∂¥∂Õ¬‡™‘ß‡ âπ (linear regression  model) ·≈–
µ—«·∫∫°“√∂¥∂Õ¬·∫∫‰¡à‡™‘ß‡ âπ (nonlinear regression
model) ‚¥¬∑’Ëµ—«·∫∫‡™‘ß‡ âπÀ¡“¬∂÷ß µ—«·∫∫°“√∂¥∂Õ¬
∑’Ë “¡“√∂‡¢’¬π‰¥â „π≈—°…≥–‡™‘ß‡ âπ¢Õßæ“√“¡‘‡µÕ√å
(linear in parameter) „π¢≥–∑’Ëµ—«·∫∫°“√∂¥∂Õ¬‰¡à
‡™‘ß‡ âπÀ¡“¬∂÷ß µ—«·∫∫°“√∂¥∂Õ¬∑’Ë‰¡à “¡“√∂‡¢’¬π‰¥â
„π·∫∫‡ âπ¢Õßæ“√“¡‘‡µÕ√å (nonlinear in parameter) [1]

°“√À“§à “ —¡ª√– ‘∑∏‘Ï °“√∂¥∂Õ¬À√◊Õ°“√
ª√–¡“≥§à“æ“√“¡‘‡µÕ√å„π√Ÿª·∫∫°“√∂¥∂Õ¬ “¡“√∂
·∫àß‡ªìπ 2 ª√–‡¿∑„À≠à Ê §◊Õ

1) «‘∏’°”≈—ß ÕßπâÕ¬∑’Ë ÿ¥ ‚¥¬ √â“ß ¡°“√ª°µ‘
®“°√Ÿª·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ

·≈–À“µ—«ª√–¡“≥ bj À√◊Õ‡«°‡µÕ√å¢Õßµ—«ª√–¡“≥ b ∑’Ë
∑”„Àâº≈√«¡°”≈—ß Õß¢Õß§«“¡§≈“¥‡§≈◊ËÕπ (SSE) ¡’§à“
πâÕ¬∑’Ë ÿ¥

2) „™â«‘∏’°“√∑“ß§≥‘µ»“ µ√å‚¥¬°“√§”π«≥
·∫∫«π´È” (iterative methods) ‰¥â·°à «‘∏’ Gauss-New-
ton, Marquardt, Steepest Descent, Newton ‡ªìπµâπ

´÷Ëß¢âÕ‡ ’¬¢Õß«‘∏’°”≈—ß ÕßπâÕ¬∑’Ë ÿ¥§◊Õ ¡°“√
ª°µ‘‡¢’¬π‡ªìπøíß°å™—Ëπ‡™‘ß‡ âπ¢Õßµ—«ª√–¡“≥ bj ‰¡à‰¥â ∑”„Àâ
·°â ¡°“√À√◊Õ‡¢’¬πµ—«ª√–¡“≥ bj „π‡∑Õ¡¢Õßµ—«·ª√ X
·≈– Y ‰¡à ‰¥â®÷ß¡—°‰¡à „™â«‘∏’°”≈—ß ÕßπâÕ¬∑’Ë ÿ¥„π°“√
ª√–¡“≥§à“æ“√“¡‘‡µÕ√å „π¢≥–∑’Ë°“√„™â«‘∏’°“√∑“ß
§≥‘µ»“ µ√å‚¥¬°“√§”π«≥·∫∫°“√«π´È” Õ“®æ∫ªí≠À“
„π‡√◊ËÕß¢Õß°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ´÷Ëß„π∫“ß°√≥’Õ“®
„™â®”π«π√Õ∫„π°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å Ÿß Jukic and
Scitovski [2] ·≈– Fekedulegn [3] ‰¥â»÷°…“‡°’Ë¬«°—∫
ªí®®—¬∑’Ë¡’º≈µàÕ°“√≈Ÿà‡¢â“ Ÿà  æ∫«à“§à“‡√‘Ë¡µâπ¡’º≈µàÕ°“√≈Ÿà‡¢â“ Ÿà
§à“æ“√“¡‘‡µÕ√å ‚¥¬∂â“‡≈◊Õ°§à“‡√‘Ë¡µâπ‡À¡“– ¡®–∑”„Àâ
®”π«π√Õ∫„π°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å≈¥≈ß

‡π◊ËÕß®“°°“√»÷°…“„π§√—È ßπ’ÈµâÕß°“√»÷°…“
 ∂“π°“√≥å°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ‚¥¬®“°ß“π«‘®—¬∑’Ë
°≈à“«¡“·≈â«¥—ß¢â“ßµâπæ∫«à“ ªí≠À“„π°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“
¡‘‡µÕ√å¢÷ÈπÕ¬Ÿà°—∫°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ ¥—ßπ—Èπ„πß“π«‘®—¬π’È
®÷ßµâÕß°“√»÷°…“ªí®®—¬∑’Ë¡’º≈µàÕ°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å
¢Õß√Ÿª·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ ´÷Ëßªí®®—¬∑’Ëπ”¡“
æ‘®“√≥“„πß“π«‘®—¬π’Èª√–°Õ∫‰ª¥â«¬ 3 ªí®®—¬ ‰¥â·°à 1)
°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ 2) ≈—°…≥–°“√·®°·®ß¢Õß¢âÕ¡Ÿ≈
·≈– 3) ¢π“¥¢Õßµ—«Õ¬à“ß ‚¥¬°“√»÷°…“§√—Èßπ’È ‰¥âæ‘®“√≥“
°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â«‘∏’°“√¢Õß Fekedulegn [3] ·≈–
°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search (´÷Ëß‡ªìπ option
Àπ÷Ëß„π SAS program) ≈—°…≥–°“√·®°·®ß¢Õß¢âÕ¡Ÿ≈
„π°“√»÷°…“§√—Èßπ’È§◊Õ Negative Exponential ·≈–  Mono-
molecular ·≈–¢π“¥¢Õßµ—«Õ¬à“ß∑’Ë„™â„πß“π«‘®—¬π’È ‰¥â·°à
µ—«Õ¬à“ß¢π“¥ n=20 n=30 n=50 ·≈– n=100 µ“¡≈”¥—∫

2. «—µ∂ÿª√– ß§å¢Õß°“√«‘®—¬
‡æ◊ËÕ»÷°…“ ∂“π°“√≥å°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å „π

°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß
‡ âπ ‡¡◊ËÕ¡’°“√°”Àπ¥§à“‡√‘Ë¡µâπ¢Õßæ“√“¡‘‡µÕ√å ≈—°…≥–
°“√·®°·®ß¢Õß¢âÕ¡Ÿ≈ ·≈–¢π“¥µ—«Õ¬à“ß∑’Ë·µ°µà“ß°—π

3. «‘∏’¥”‡π‘π°“√«‘®—¬
°“√«‘®—¬„π§√—Èßπ’È „™â¢âÕ¡Ÿ≈∑’Ë ‰¥â®“°°“√®”≈Õß¢âÕ¡Ÿ≈

‚¥¬∑” È́” 500 √Õ∫ „π·µà≈– ∂“π°“√≥å „™â‚ª√·°√¡ SAS
‡«Õ√å™—π 9.1 ‚¥¬°”Àπ¥„Àâ

1. √Ÿª·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ ß“π«‘®—¬π’ÈÕ¬Ÿà„π°≈ÿà¡
¢Õßµ—«·∫∫°“√‡®√‘≠‡µ‘∫‚µ (growth model) 2 µ—«·∫∫
‰¥â·°à Negative Exponential ·≈– Monomolecular
a. Negative Exponential

b. Monomolecular

´÷Ëß∑—Èß 2 µ—«·∫∫‡ªìπµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ„π
µ√–°Ÿ≈¢Õßµ—«·∫∫°“√‡®√‘≠‡µ‘∫‚µ∑’Ë‰¡à “¡“√∂·ª≈ß„Àâ
Õ¬Ÿà„π√Ÿª‡™‘ß‡ âπµ√ß‰¥â (non › intrinsically linear)

f(Xi,β) + ε =Y ii

Y=β0(1-exp(-β2X)) + ε , ε ~ N(0,1)

Y=β0(1-β1exp(-β2X)) + ε , ε ~ N(0,1)
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    2. Generate ¢âÕ¡Ÿ≈∑’Ë¡’√Ÿª·∫∫ Negative Exponen-
tial ·≈– Monomolecular ‚¥¬ Yi ‡ªìπÕ‘ √–µàÕ°—π (res-
ponse independence) X ‡ªìπµ—«·ª√Õ‘ √–‰¡àµàÕ‡π◊ËÕß
∑’Ë¡’§à“Àà“ß‡∑à“Ê °—π (equal space) εi ¡’°“√·®°·®ß
ª°µ‘¡“µ√∞“π generate ¢âÕ¡Ÿ≈ 4 ¢π“¥‚¥¬ 1) µ—«Õ¬à“ß
¢π“¥ n=20 2) µ—«Õ¬à“ß¢π“¥ n=30 3) µ—«Õ¬à“ß¢π“¥
n=50 ·≈– 4) µ—«Õ¬à“ß¢π“¥ n=100 ¥—ßπ—Èπ “¡“√∂ √ÿª
√Ÿª·∫∫„π°“√ generate ¢âÕ¡Ÿ≈∑ÿ°√Ÿª·∫∫‰¥â¥—ßµàÕ‰ªπ’È

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Negative Exponential
µ—«Õ¬à“ß¢π“¥ 20

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Negative Exponential
µ—«Õ¬à“ß¢π“¥ 30

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Negative Exponential
µ—«Õ¬à“ß¢π“¥ 50

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Negative Exponential
µ—«Õ¬à“ß¢π“¥ 100

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Monomolecular µ—«Õ¬à“ß
¢π“¥ 20

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Monomolecular µ—«Õ¬à“ß
¢π“¥ 30

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Monomolecular µ—«Õ¬à“ß
¢π“¥ 50

- ¢âÕ¡Ÿ≈∑’ËÕ¬Ÿà„π√Ÿªµ—«·∫∫ Monomolecular µ—«Õ¬à“ß
¢π“¥ 100

3. °”Àπ¥§à“‡√‘Ë¡µâπ¢Õßæ“√“¡‘‡µÕ√åµ“¡«‘∏’¢Õß
Fekedulegn [3]  ·≈–°“√„™â grid search

4. ª√–¡“≥§à“æ“√“¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à
‡™‘ß‡ âπ¥â«¬«‘∏’ Gauss-Newton  Marquardt ·≈– New-
ton ‚¥¬„™â option PROC NLIN „π SAS program
§”π«≥®”π«π§√—Èß„π°“√«π È́”∑’Ë≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å
§à“æ“√“¡‘‡µÕ√å‡©≈’Ë¬ (mean of β) S.E.(β) ‡©≈’Ë¬ ·≈–
®”π«π√Õ∫‡©≈’Ë¬ (mean of iteration) ∑’Ë≈Ÿà‡¢â“ Ÿà§à“æ“√“
¡‘‡µÕ√å

3.1 «‘∏’ Gauss Newton
Bates and Watts [4] ‰¥âÕ∏‘∫“¬«‘∏’¢Õß Gauss

Newton À√◊Õ«‘∏’ linearization ‡ªìπ«‘∏’°“√À“µ—«
ª√–¡“≥¢Õß bj ¢Õßæ“√“¡‘‡µÕ√å βj ´÷Ëß¡’¢—ÈπµÕπ¥—ßπ’È

°”Àπ¥ bj
(0) ‡ªìπ§à“‡√‘Ë¡µâπÀ√◊Õ§à“ª√–¡“≥„π√Õ∫

(iteration) ∑’Ë 0 ¢Õßæ“√“¡‘‡µÕ√å βj °√–®“¬øíß°å™—Ëπ f(Xi,β)

„π√Ÿª¢ÕßÕπÿ°√¡‡∑‡≈Õ√å (Taylor series) √Õ∫®ÿ¥ bj
(0) ·≈–

ª√–¡“≥øíß°å™—Ëπ f(Xi,β) „π‡∑Õ¡‡ âπµ√ß‰¥â‡ªìπ

 “¡“√∂‡¢’¬π‰¥â‡ªìπøíß°å™—Ëπ„À¡à§◊Õ

∑’Ë¡’

·≈–

®“° (2) ‡¢’¬π‡ªìπµ—«·∫∫°“√∂¥∂Õ¬‡™‘ß‡ âπµ√ß‰¥â‚¥¬

≈∫ fi
(0) ÕÕ°®“°∑—Èß Õß¢â“ß¢Õß (3) ®–‰¥â

´÷Ëß Yi
(0) = Yi - fi

(0) ‚¥¬ Yi
(0) ‡ªìπ§à“§«“¡§≈“¥‡§≈◊ËÕπ„π

√Õ∫∑’Ë 0  ‡¢’¬πµ—«·∫∫ª√–¡“≥„π‡∑Õ¡¢Õß‡¡µ√‘°´å‰¥â‡ªìπ

‡¡◊ËÕ

(1)

(2)

(3)

(4)

(5)

·≈–



«“√ “√«‘®—¬·≈–æ—≤π“ ¡®∏. ªï∑’Ë 33 ©∫—∫∑’Ë 1 ¡°√“§¡ - ¡’π“§¡ 2553 17

‡√’¬°µ—«·∫∫∑’Ë (5) «à“µ—«·∫∫°“√ª√–¡“≥
(approximate model) ¥â«¬«‘∏’°”≈—ß ÕßπâÕ¬∑’Ë ÿ¥ À“ a(0)

´÷Ëß‡ªìπ‡«°‡µÕ√å¢Õßµ—«ª√–¡“≥¢Õß‡«°‡µÕ√å¢Õßæ“√“
¡‘‡µÕ√å γ(0) ‰¥â‚¥¬ a(0) = (D' (0) D(0))-1 D' (0) Y(0) ‡π◊ËÕß®“°
γ(0) = β - b(0) „π√Õ∫∑’Ë 1 ́ ÷Ëß‡ªìπ‡«°‡µÕ√å¢Õßµ—«ª√–¡“≥
bj „π√Õ∫∑’Ë 1 ®“° a(0) = b(1) - b(0) ‰¥â b(1) = b(0) + a(0)

‡¢’¬πº≈√«¡°”≈—ß Õß¢Õß§«“¡§≈“¥‡§≈◊ËÕπ„π√Õ∫∑’Ë 0
·≈–√Õ∫∑’Ë 1 „π‡∑Õ¡¢Õß b(0) ·≈– b(1) ‡ªìπ SSE(0) ·≈–
SSE(1) µ“¡≈”¥—∫ ‚¥¬ SSE(0) = ∑ (Yi - fi

(0))2 ·≈–
SSE(1) = ∑ (Yi - fi

(1))2 „π√Õ∫∑’Ë 2 À“ b(2) ́ ÷Ëß‡ªìπ‡«°‡µÕ√å
¢Õßµ—«ª√–¡“≥ bj „π√Õ∫∑’Ë 2 ¥â«¬«‘∏’°“√∑”πÕß‡¥’¬«°—π‰¥â
b(2) = b(1) + a(1) °“√ª√–¡“≥®–∑”µàÕ‰ª®π∂÷ß√Õ∫∑’Ë S+1

´÷Ëß‡ªìπ√Õ∫∑’Ë„Àâº≈µà“ß¢Õß§à“ª√–¡“≥¢Õßæ“√“¡‘‡µÕ√å
βj ‰¥â·°à (bj

(s+1) - bj
(s)) À√◊Õº≈µà“ß¢Õß§à“ SSE ‰¥â·°à

(SSE(s+1) - SSE(s))  „π√Õ∫∑’Ë s+1 ·≈–√Õ∫∑’Ë s ≈Ÿà‡¢â“ Ÿà
§à“§ß∑’ËπâÕ¬∑’Ë ÿ¥ ¥—ßπ—Èπ bj

(s+1) ‡ªìπ§à“ª√–¡“≥¢Õßæ“√“
¡‘‡µÕ√å βj

Raymond [5] ‰¥â°≈à“««à“°√–∫«π°“√«π È́”
®–À¬ÿ¥°“√∑”ß“π‡¡◊ËÕ

3.2 «‘∏’ Marquardt
æ‘®“√≥“µ—«·∫∫°“√∂¥∂Õ¬ Yi = f(Xi,β) + εi

i = 1, 2,...,n ‡¡◊ËÕ Yi ‡ªìπ§à“ —ß‡°µ∑’Ë i ¢Õßµ—«·ª√µ“¡
Y  X'i ‡ªìπ‡«°‡µÕ√å¢Õß§à“ —ß‡°µ¢Õßµ—«·ª√Õ‘ √– q

µ—«·ª√ ¢π“¥ q ®“°Àπà«¬µ—«Õ¬à“ß∑’Ë i ∑’Ë¡’ X'i =

(x1i.x2i...xqi) ·≈– β ‡ªìπ‡«°‡µÕ√å¢Õßæ“√“¡‘‡µÕ√å¢π“¥
p ∑’Ë¡’ β = (β1.β2...βp)  εi ~ i.i.d. N(0,σ2) ·≈– f(Xi,β)
‡ªìπ§à“§«“¡§“¥À«—ß¢Õß Yi §à“º≈µà“ß°”≈—ß Õß¢Õß
§«“¡§≈“¥‡§≈◊ËÕπ (residual sum of squares) §◊Õ

„Àâ b0 = (b10, b20,...bk0)´ ‡ªìπ‡«°‡µÕ√å¢Õß§à“‡√‘Ë¡µâπ ´÷Ëß
°√–∫«π°“√«π´È”„π°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å “¡“√∂
°”Àπ¥‰¥â‚¥¬

°“√§”π«≥ vector of increments ∑’Ë k iteration Õ¬Ÿà
„π√Ÿª¢Õß

®“° ¡°“√ (7) ‡ªìπ°“√À“§à“ λ ∑’Ë∑”„Àâ residual
sum of square ≈¥≈ß°≈à“«§◊Õ S(bk+1) < S(bk) λ ‡ªìπ
§à“§ß∑’Ë ́ ÷Ëß¡’§à“‰¡àπâÕ¬°«à“ 0 ·≈– I §◊Õ ‡¡µ√‘°´å‡Õ°≈—°…≥å
(identity) [5]

3.3 «‘∏’ Newton
®“°µ—«·∫∫°“√∂¥∂Õ¬ Yi = f(Xi,β) + εi

i = 1, 2,...,n  Yi ‡ªìπ§à“ —ß‡°µ∑’Ë i ¢Õßµ—«·ª√µ“¡ Y

X'i ‡ªìπ‡«°‡µÕ√å¢Õß§à“ —ß‡°µ¢Õßµ—«·ª√Õ‘ √– q  µ—«·ª√
¢π“¥ q  ®“°Àπà«¬µ—«Õ¬à“ß∑’Ë i ∑’Ë¡’ X'i = (x1i.x2i...xqi) β
‡ªìπ‡«°‡µÕ√å¢Õßæ“√“¡‘‡µÕ√åÀ√◊Õ§à“ —¡ª√– ‘∑∏‘Ï°“√
∂¥∂Õ¬¢π“¥ p ∑’Ë¡’ β=(β1.β2...βp)  εi ~ i.i.d. N(0,σ2)

§à“ª√–¡“≥æ“√“¡‘‡µÕ√å β ‚¥¬°√–∫«π°“√«π´È” “¡“√∂
§”π«≥‰¥â¥—ßπ’È

‡¡◊ËÕ                       ·∑π ‡«°‡µÕ√å¢Õß§«“¡
§≈“¥‡§≈◊ËÕπ

‡¡◊ËÕ

‡¡◊ËÕ

(8)

ˆ

(6)

(7)
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                  §◊Õ Jacobean matrix ¢Õß function
f(β)

§◊Õ Hessian matrix

 ¡°“√∑’Ë (8) ®–∑”°“√«π È́”µàÕ‰ª∂â“

π—Ëπ‡Õß [6]

3.4 °“√°”Àπ¥§à“‡√‘Ë¡µâπ¥â«¬«‘∏’¢Õß Fekedulegn
Fekedulegn [3] ‰¥â‡ πÕ«‘∏’‡≈◊Õ°§à“‡√‘Ë¡µâπ∑’Ë

µ—«·∫∫Õ¬Ÿà„π°≈ÿà¡¢Õß√Ÿª·∫∫°“√‡®√‘≠‡µ‘∫‚µ ‚¥¬æ‘®“√≥“
®“°§ÿ≥ ¡∫—µ‘À√◊Õ≈—°…≥–∑—Ë«‰ª¢Õßµ—«·∫∫ ́ ÷Ëß°“√°”Àπ¥
§à“‡√‘Ë¡µâπ®–‡√‘Ë¡®“°°“√°”Àπ¥§à“‡√‘Ë¡µâπ¢Õß β0 , β2 , β3

·≈– β1 µ“¡≈”¥—∫
§à“‡√‘Ë¡µâπ¢Õß β0 ®–æ‘®“√≥“®“°§à“ Ÿß ÿ¥¢Õß

µ—«·ª√µ“¡ Y
§à“‡√‘Ë¡µâπ¢Õß β2 ®–æ‘®“√≥“®“°

‡¡◊ËÕ Y1 ·≈– Y2 ‡ªìπ§à“¢Õßµ—«·ª√µ“¡∑’Ë Õ¥§≈âÕß
°—∫ X1 ·≈– X2 (´÷Ëß®–æ‘®“√≥“∑’Ë™à«ß„¥¢Õß¢âÕ¡Ÿ≈°Á‰¥â)
·≈– β0s ·∑π§à“‡√‘Ë¡µâπ¢Õß β0

§à“‡√‘Ë¡µâπ¢Õß β3 ¡’§à“Õ¬Ÿà√–À«à“ß 0 ∂÷ß 1 (0 < β3

<1)  ”À√—∫µ—«·∫∫∑’ËÕ¬Ÿà„π√Ÿª¢Õß Chapman-Richards
growth model ·≈– β3 ¡’§à“‡ªìπ∫«° (β3 > 0)  ”À√—∫
Von Bertalanffy growth model  ·≈– Weibull growth
model

§à“‡√‘Ë¡µâπ¢Õß β1 ‡ªìπ§à“‡√‘Ë¡µâπ¢Õßµ—«·∫∫∑’Ë
‡√’¬°«à“ start of growth ´÷ËßÀ¡“¬§«“¡«à“‡ªìπ§à“‡√‘Ë¡µâπ
∑’Ëµ—«·ª√Õ‘ √– X  ¡’§à“‡∑à“°—∫ 0  À√◊ÕÕ“®°≈à“«‰¥â«à“  Y(0)
§◊Õ§à“¢Õßµ—«·ª√µ“¡ Y ∑’Ë®ÿ¥ start of growth  ÷́Ëß„π
§«“¡‡ªìπ®√‘ß·≈â«§◊Õ 0  ·µà„π∑“ßªØ‘∫—µ‘®–‡≈◊Õ°‡ªìπ§à“
∫«°∑’Ë¡’¢π“¥‡≈Á°

3.5 °“√°”Àπ¥§à“‡√‘Ë¡µâπ‚¥¬„™â grid search
°“√°”Àπ¥§à“‡√‘Ë¡µâπ„π°“√ª√–¡“≥§à“æ“√“

¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ„π°√≥’∑’Ë‰¡à∑√“∫
«à“®–°”Àπ¥§à“‡√‘Ë¡µâπ‡ªìπÕ–‰√ “¡“√∂∑”‰¥â‚¥¬„™â grid
search ́ ÷Ëß®–‡ªìπ option Àπ÷Ëß„π  SAS  program µ—«Õ¬à“ß
°“√„™â grid search ‡™àπ °”Àπ¥µ—«·∫∫°“√∂¥∂Õ¬‰¡à
‡™‘ß‡ âπ

Õ¬Ÿà„π√Ÿª Y = e-θx + ε  “¡“√∂ª√–¡“≥§à“æ“√“
¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ‚¥¬„Àâ SAS
program §âπÀ“§à“‡√‘Ë¡µâπ∑’Ë‡À¡“– ¡‰¥â‚¥¬„™â§” —Ëß

√Ÿª∑’Ë 1 · ¥ß°“√„™â§” —Ëß grid search „π SAS program

SAS program ®–§âπÀ“§à“‡√‘Ë¡µâπ∑’Ë‡À¡“– ¡¢Õß
æ“√“¡‘‡µÕ√å„Àâ ‚¥¬®–§âπÀ“§à“‡√‘Ë¡µâπ¢Õßæ“√“¡‘‡µÕ√å∑’Ë
‡À¡“– ¡µ—Èß·µà -100 ‚¥¬‡æ‘Ë¡∑’≈– 0.1 ®π°√–∑—Ëß∂÷ß 100
‚¥¬ G „π SAS program ·∑π§à“æ“√“¡‘‡µÕ√å θ x ·∑π
µ—«·ª√Õ‘ √– ÷́Ëß„πµ√–°Ÿ≈¢Õßµ—«·∫∫°“√‡®√‘≠‡µ‘∫‚µ®–
·∑π¥â«¬‡«≈“

PROC NLIN;
PARAMETERS G = -100 TO 100 BY .1;
MODEL Y = EXP(-(G*x));
RUN;

À√◊Õ
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4. º≈°“√«‘®—¬
 à«π∑’Ë 1 æ‘®“√≥“‡ªÕ√å‡´Áπµå∑’Ë≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å

®“°°√–∫«π°“√∑”´È” 500 √Õ∫ °√≥’‡≈◊Õ°§à“‡√‘Ë¡µâπ¥â«¬
«‘∏’∑’Ë·µ°°—π ·≈–¢π“¥µ—«Õ¬à“ß·µ°µà“ß°—π

√Ÿª∑’Ë 2 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn

1.1 ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ¢Õßµ—«·∫∫ Nega-
tive Exponential ‡¡◊Ë Õ ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß
Fekedulegn ·≈–°“√„™â Grid search · ¥ß¥—ß√Ÿª∑’Ë 2
·≈– 3

√Ÿª∑’Ë 3 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search

®“°√Ÿª∑’Ë 2 ·≈– 3 · ¥ß„Àâ‡ÀÁπ«à“„π √Ÿª·∫∫ Nega-
tive Exponential ∑—Èß«‘∏’°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß
Fekedulegn ·≈–°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search
®–„Àâº≈„π≈—°…≥–‡™àπ‡¥’¬«°—π §◊Õ ‡¡◊ËÕ¢π“¥¢Õß
µ—«Õ¬à“ß‡æ‘Ë¡¢÷Èπ®–∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡¢â“
 Ÿà§à“æ“√“¡‘‡µÕ√å‡æ‘Ë¡¢÷Èπ‚¥¬

1.1.1 °√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn ‡¡◊ËÕ n = 100 æ∫«à“
«‘∏’∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ·≈–«‘∏’ Newton ‚¥¬¡’

‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge 100 ‡ªÕ√å‡´Áπµå ∑—Èß 2 «‘∏’
1.1.2 °√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°

§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search ‡¡◊ËÕ n = 100 æ∫«à“«‘∏’ Gauss
Newton, «‘∏’ Marquardt ·≈–«‘∏’ Newton ¡’‡ªÕ√å‡´Áπµå∑’Ë
æ∫°“√ converge  ‡∑à“°—∫ 100  ‡ªÕ√å‡´Áπµå∑—Èß 3  «‘∏’

1.2 ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ¢Õßµ—«·∫∫ Mono-
molecular ‡¡◊ËÕ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn ·≈–
°“√„™â Grid search · ¥ß¥—ß√Ÿª∑’Ë 4 ·≈– 5

√Ÿª∑’Ë 4 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn √Ÿª∑’Ë 5 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search
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®“°√Ÿª∑’Ë 4 ·≈– 5 · ¥ß„Àâ‡ÀÁπ«à“„π√Ÿª·∫∫ Mono-
molecular ∑—Èß«‘∏’°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn
·≈–°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search „Àâº≈„π
≈—°…≥–‡™àπ‡¥’¬«°—π ∑—Èß«‘∏’ Gauss Newton, «‘∏’ Marquardt
·≈–«‘∏’ Newton §◊Õ ‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß‡æ‘Ë¡¢÷Èπ®–
∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å
‡æ‘Ë¡¢÷Èπ ‚¥¬

1.2.1 °√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100 ∑—Èß«‘∏’
Gauss Newton, «‘∏’ Marquardt ·≈–«‘∏’ Newton ¡’
‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge  ‰¡à·µ°µà“ß°—π§◊Õ‡∑à“°—∫ 86
∑—Èß 3 «‘∏’

1.2.2 °√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬„™â Grid search æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’∑’Ë ÿ¥
§◊Õ«‘∏’ Marquardt  ¡’‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ 98 ‡ªÕ√å‡´Áπµå

 à«π∑’Ë 2 æ‘®“√≥“®”π«π√Õ∫‡©≈’Ë¬∑’Ë≈Ÿà‡¢â“ Ÿà§à“æ“√“
¡‘‡µÕ√å ®“°°√–∫«π°“√∑”´È” 500 √Õ∫ °√≥’‡≈◊Õ°§à“‡√‘Ë¡
µâπ¥â«¬«‘∏’∑’Ë·µ°°—π ·≈–¢π“¥µ—«Õ¬à“ß·µ°µà“ß°—π

2.1 ®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ¢Õßµ—«·∫∫
Negative Exponential ‡¡◊ËÕ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß
Fekedulegn ·≈–°“√„™â Grid search · ¥ß¥—ß√Ÿª∑’Ë 6
·≈– 7

√Ÿª∑’Ë 6 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn √Ÿª∑’Ë 7 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â Grid  search

®“°√Ÿª∑’Ë 6 ·≈– 7 · ¥ß„Àâ‡ÀÁπ«à“„π√Ÿª·∫∫ Nega-
tive Exponential ∑—Èß«‘∏’°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß
Fekedulegn ·≈–°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search
„Àâº≈„π≈—°…≥–‡™àπ‡¥’¬«°—π ∑—Èß«‘∏’ Gauss Newton, «‘∏’
Marquardt ·≈–«‘∏’ Newton §◊Õ ‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß
‡æ‘Ë¡¢÷Èπ®–∑”„Àâ®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ‡¢â“
 Ÿà§à“æ“√“¡‘‡µÕ√å‡æ‘Ë¡¢÷Èπ ‚¥¬

2.1.1 °√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100
«‘∏’∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√
converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫ 41.49 √Õ∫

2.1.2 °√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’
∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√
converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥∑à“°—∫  39.58 √Õ∫

2.2 ®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ¢Õßµ—«·∫∫
Monomolecular ‡¡◊Ë Õ ‡≈◊ Õ°§à “ ‡√‘Ë ¡µâπ ‚¥¬«‘ ∏’ ¢Õß
Fekedulegn ·≈–°“√„™â Grid search · ¥ß¥—ß√Ÿª∑’Ë 8
·≈– 9
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√Ÿª∑’Ë 8 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn √Ÿª∑’Ë 9 ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â Grid  search

®“°√Ÿª∑’Ë 8 ·≈– 9 · ¥ß„Àâ‡ÀÁπ«à“„π√Ÿª·∫∫ Mono-
molecular ∑—Èß«‘∏’°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn
·≈–°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â grid search „Àâº≈„π
≈—°…≥–‡™àπ‡¥’¬«°—π ∑—Èß«‘∏’ Gauss Newton, «‘∏’ Marquardt
·≈–«‘∏’ Newton §◊Õ ‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß‡æ‘Ë¡¢÷Èπ®–
∑”„Àâ®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ‡¢â“ Ÿà§à“æ“√“
¡‘‡µÕ√å‡æ‘Ë¡¢÷Èπ ‚¥¬

2.2.1 °√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’
∑’Ë ÿ¥§◊Õ «‘∏’ Marquardt  ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ con-
verge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫  48.34 √Õ∫

2.2.2 °√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬„™â Grid search æ∫«à“ ‡¡◊ËÕ  n = 100 «‘∏’∑’Ë¥’∑’Ë ÿ¥
§◊Õ «‘∏’ Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge
‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫ 47.98 √Õ∫

5.  √ÿªº≈°“√«‘®—¬ Õ¿‘ª√“¬º≈ ·≈–¢âÕ‡ πÕ·π–
5.1  √ÿªº≈°“√«‘®—¬

1. √Ÿª·∫∫ Negative Exponential
æ‘®“√≥“®“°‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge
√Ÿª·∫∫ Negative Exponential ∑—Èß«‘∏’°“√

‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn ·≈–°“√‡≈◊Õ°§à“
‡√‘Ë¡µâπ‚¥¬„™â grid search  ®–„Àâº≈„π≈—°…≥–‡™àπ‡¥’¬«°—π
§◊Õ ‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß‡æ‘Ë¡¢÷Èπ®–∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫

°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å‡æ‘Ë¡¢÷Èπ‚¥¬°√≥’∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn ‡¡◊ËÕ n = 100 æ∫«à“
«‘∏’∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ·≈–«‘∏’ Newton ‚¥¬¡’
‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge 100 ‡ªÕ√å‡´Áπµå ∑—Èß 2 «‘∏’
°√≥’∑’Ë‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search ‡¡◊ËÕ n = 100
æ∫«à“«‘∏’ Gauss Newton, «‘∏’ Marquardt  ·≈–«‘∏’ New-
ton ¡’‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡∑à“°—∫ 100 ‡ªÕ√å‡´Áπµå
∑—Èß 3 «‘∏’

æ‘®“√≥“®“°®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ con-
verge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å

°√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100
«‘∏’∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√
converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫ 41.49 √Õ∫
°√≥’ √Ÿª·∫∫ Negative Exponential ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡µâπ
‚¥¬„™â Grid search æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’∑’Ë ÿ¥§◊Õ«‘∏’
Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ‡¢â“ Ÿà
§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥∑à“°—∫  39.58 √Õ∫

2. √Ÿª·∫∫ Monomolecular
æ‘®“√≥“®“°‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge
°√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡

µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100 ∑—Èß«‘∏’
Gauss Newton, «‘∏’ Marquardt ·≈–«‘∏’ Newton ¡’
‡ªÕ√å‡ Á́πµå∑’Ëæ∫°“√ converge ‰¡à·µ°µà“ß°—π§◊Õ‡∑à“°—∫
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86 ∑—Èß 3 «‘∏’ °√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°
§à“‡√‘Ë¡µâπ‚¥¬„™â Grid search æ∫«à“‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’
∑’Ë ÿ¥§◊Õ«‘∏’ Marquardt ¡’‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ 98 ‡ªÕ√å‡´Áπµå

æ‘®“√≥“®“°®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ con-
verge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å

°√≥’√Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬«‘∏’¢Õß Fekedulegn æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’
∑’Ë ÿ¥§◊Õ «‘∏’ Marquardt ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ con-
verge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫  48.34 √Õ∫

°√≥’ √Ÿª·∫∫ Monomolecular ∑’Ë‡≈◊Õ°§à“‡√‘Ë¡
µâπ‚¥¬„™â Grid search æ∫«à“ ‡¡◊ËÕ n = 100 «‘∏’∑’Ë¥’∑’Ë ÿ¥
«‘∏’ Marquardt  ¡’®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ‡¢â“
 Ÿà§à“æ“√“¡‘‡µÕ√åπâÕ¬∑’Ë ÿ¥‡∑à“°—∫ 47.98 √Õ∫

5.2 Õ¿‘ª√“¬º≈°“√«‘®—¬
®“°°“√»÷°…“ ∂“π°“√≥å°“√≈Ÿà‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å

„π°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å¢Õßµ—«·∫∫°“√∂¥∂Õ¬
‰¡à‡™‘ß‡ âπ¥â«¬«‘∏’ Gauss-Newton, Marquardt ·≈–
Newton „π ∂“π°“√≥åµà“ßÊ ‚¥¬ªí®®—¬∑’Ëπ”¡“æ‘®“√≥“
„πß“π«‘®—¬π’Èª√–°Õ∫‰ª¥â«¬ 3 ªí®®—¬ ‰¥â·°à 1) °“√‡≈◊Õ°
§à“‡√‘Ë¡µâπ 2) ≈—°…≥–°“√·®°·®ß¢Õß¢âÕ¡Ÿ≈ ·≈– 3) ¢π“¥
¢Õßµ—«Õ¬à“ß æ∫«à“ªí®®—¬¥â“π°“√‡≈◊Õ°§à“‡√‘Ë¡µâππ—Èπ ¡’º≈µàÕ
‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å·≈–
®”π«π√Õ∫‡©≈’Ë¬∑’Ëæ∫°“√ converge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å
´÷Ëß Õ¥§≈âÕß°—∫°“√»÷°…“¢Õß Jusic [7] ·≈– Fekedulegn
[3] ∑’Ëæ∫«à“§à“‡√‘Ë¡µâπ∑’Ë¥’¡’º≈µàÕ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ con-
verge ‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å ‚¥¬‰¥â¡’°“√»÷°…“‡°’Ë¬«°—∫°“√
‡≈◊Õ°§à“‡√‘Ë¡µâπ∑’Ë‡À¡“– ¡¥â«¬«‘∏’°“√µà“ßÊ ‚¥¬ Jusic [7]
‰¥â»÷°…“‡°’Ë¬«°—∫°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ∑’Ë‡À¡“– ¡¢Õßµ—«·∫∫
Exponential √–À«à“ß°“√·ª≈ß„ÀâÕ¬Ÿà„π√Ÿª·∫∫‡™‘ß‡ âπ
·≈–‰¡à ‰¥â·ª≈ß„ÀâÕ¬Ÿà „π√Ÿª·∫∫‡™‘ß‡ âπ „π¢≥–∑’Ë
Fekedulegn [3] ‰¥â»÷°…“‡°’Ë¬«°—∫°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ∑’Ë
‡À¡“– ¡¢Õßµ—«·∫∫°“√‡®√‘≠‡µ‘∫‚µ´÷Ëß„™â«‘∏’°“√‡≈◊Õ°§à“
‡√‘Ë¡µâπ‚¥¬æ‘®“√≥“®“°≈—°…≥–∑—Ë«‰ªÀ√◊Õ∏√√¡™“µ‘¢Õß
µ—«·∫∫°—∫°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬°“√§“¥§–‡πÀ√◊Õ°“√‡¥“
(guess) ‚¥¬∑’Ëß“π«‘®—¬¢Õß Jusic [7] ·≈– Fekedulegn
[3] ‰¡à ‰¥âæ‘®“√≥“∑’Ë¢π“¥¢Õßµ—«Õ¬à“ß ´÷Ëß„πß“π«‘®—¬„π
§√—Èßπ’È ‰¥âπ”ªí®®—¬¥â“π¢π“¥¢Õßµ—«Õ¬à“ß‡¢â“¡“æ‘®“√≥“

√à«¡¥â«¬æ∫«à“ °“√‡≈◊Õ°§à“‡√‘Ë¡µâπ¥â«¬«‘∏’°“√∑’Ë·µ°µà“ß
°—π§◊Õ‡≈◊Õ°§à“‡√‘Ë¡µâπ‚¥¬«‘∏’¢Õß Fekedulegn [3] ·≈–
°“√„™â Grid search ®–∑”„Àâ°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å
¢Õßµ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ¥â«¬«‘∏’ Gauss-Newton,
Marquardt ·≈– Newton ¡’ª√– ‘∑∏‘¿“æ∑’Ë‰¡à·µ°µà“ß°—π
‡¡◊ËÕ¢π“¥¢Õßµ—«Õ¬à“ß‡æ‘Ë¡¢÷Èπ®π∂÷ß√–¥—∫Àπ÷Ëß ( ÷́Ëß„π∑’Ëπ’È§◊Õ
n=100) ÷́Ëß®–∑”„Àâ‡ªÕ√å‡´Áπµå∑’Ëæ∫°“√ converge ‡¢â“ Ÿà
§à“æ“√“¡‘‡µÕ√å‡°◊Õ∫‡∑à“°—∫ 100 ‡ªÕ√å‡´Áπµå ·µà„π¢≥–
‡¥’¬«°—π®– àßº≈„Àâ®”π«π√Õ∫‡©≈’Ë¬„π°“√ converge
‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å‡æ‘Ë¡¢÷Èπ¥â«¬ ´÷Ëß®–‡æ‘Ë¡¢÷Èπ¡“°πâÕ¬
‡∑à“‰√¢÷ÈπÕ¬Ÿà°—∫≈—°…≥–°“√·®°·®ß¢Õß¢âÕ¡Ÿ≈À√◊Õµ—«·∫∫
∑’Ëπ”¡“æ‘®“√≥“

5.3 ¢âÕ‡ πÕ·π–
‡æ◊ËÕ‡ªìπ·π«∑“ß„π°“√»÷°…“∂÷ß ∂“π°“√≥å°“√≈Ÿà

‡¢â“ Ÿà§à“æ“√“¡‘‡µÕ√å „π°“√ª√–¡“≥§à“æ“√“¡‘‡µÕ√å¢Õß
µ—«·∫∫°“√∂¥∂Õ¬‰¡à‡™‘ß‡ âπ ºŸâ«‘®—¬®÷ß¢Õ‡ πÕ·π–·π«
∑“ß„π°“√»÷°…“µàÕ‰ª¥—ßπ’È

- §«√æ‘®“√≥“°“√‡≈◊Õ°§à“‡√‘Ë¡µâπ∑’Ë‡À¡“– ¡„π
≈—°…≥–Õ◊ËπÊ ‡™àπ «‘∏’ Linearization ‡ªìπ°“√°”Àπ¥§à“
‡√‘Ë¡µâπ„π°√≥’∑’Ëµ—«·∫∫ “¡“√∂·ª≈ß„ÀâÕ¬Ÿà „π√Ÿª·∫∫
‡™‘ß‡ âπ‰¥â °“√·°â√–∫∫ ¡°“√ (solving a system of
equations) «‘∏’ graphical ‡ªìπµâπ

- ‡π◊ËÕß®“°∑√“∫«à“‡¡◊ËÕ§à“‡√‘Ë¡µâπ∑’Ë‡≈◊Õ°„°≈â‡§’¬ß
°—∫ final solution ®–∑”„Àâ®”π«π√Õ∫∑’Ë„™â„π°“√ converge
≈¥≈ß ¥—ßπ—Èπ®÷ß§«√À“«‘∏’„π°“√°”Àπ¥§à“‡√‘Ë¡µâπ„Àâ„°≈â‡§’¬ß
°—∫ final solution
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